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We derive equations for the strongly coupled system of light and dense atomic ensembles. The
formalism includes an arbitrary internal level structure for the atoms and is not restricted to weak
excitation of atoms by light. In the low light intensity limit for atoms with a single electronic ground
state, the full quantum field-theoretical representation of the model can be solved exactly by means
of classical stochastic electrodynamics simulations for stationary atoms that represent cold atomic
ensembles. Simulations for the optical response of atoms in a quantum degenerate regime require
one to synthesize a stochastic ensemble of atomic positions that generates the corresponding quan-
tum statistical position correlations between the atoms. In the case of multiple ground levels or at
light intensities where saturation becomes important, the classical simulations require approxima-
tions that neglect quantum fluctuations between the levels. We show how the model is extended to
incorporate corrections due to quantum fluctuations that result from virtual scattering processes.
In the low light intensity limit we illustrate the simulations in a system of atoms in a Mott-insulator
state in a 2D optical lattice, where recurrent scattering of light induces strong interatomic correla-
tions. These correlations result in collective many-atom sub- and super-radiant states and a strong
dependence of the response on the spatial confinement within the lattice sites.
I. INTRODUCTION
Interactions mediated by electromagnetic fields can in-
duce correlations between resonant emitters in systems
that would not otherwise show any correlation effects.
This behavior generally occurs when the resonant dipole-
dipole interactions between the emitters are sufficiently
strong – when the spacing between emitters in homoge-
neously broadened samples is less than a wavelength [1].
Such cooperative phenomena [1–25] cannot be de-
scribed by a model of dipoles which scatter indepen-
dently. They are intimately linked to the presence of
recurrent (or dependent) scattering; when a photon scat-
ters more than once off the same emitter. The result-
ing interactions produce collective excitation eigenmodes,
each with a distinct resonance frequency and decay rate.
Some of these modes are superradiant, in which case the
emission rates compared with those of a single isolated
atom are enhanced by collective interactions. In other
modes, the radiative emission is subradiant with the col-
lective emission rates that are weaker than that of an
isolated atom. In a strongly-coupled response of large en-
sembles of resonant emitters the ratio between the most
sub- and super-radiant decay rates can exceed several
orders of magnitude [9, 16] if the average separation be-
tween the emitters is sufficiently small. As well as the
magnitude of the atom density, the response can be sen-
sitive to details such as atom statistics [6, 11, 26], the
degree of inhomogeneous broadening [21, 27], or spatial
disorder that can lead to light localization [28]. Light-
induced correlations between the atoms due to resonant
dipole-dipole interactions can be entirely classical and
may result in a failure [21] of standard textbook the-
ories [29, 30] of the electrodynamics of a polarizable
medium that are based on effective continuous medium
models.
Spectroscopic experiments can now be performed with
optically dense atomic ensembles at increasing atom den-
sities [22, 31–36]. It has been predicted that correla-
tion phenomena due to light-mediated interactions can
emerge in cold atomic ensembles already at surprisingly
low atom densities [1]. In particular, in cold alkali-metal
atomic gases with densities of over 1014cm−3 the observa-
tion of correlated scattering should be achievable [22, 31].
Strong dipole-dipole interactions in cold ensembles of
highly-excited Rydberg atoms [37–41] also provide a pos-
sible platform to explore cooperative coupling between
atoms. Strong dipole-dipole interactions may need to be
considered to an increasing extent in quantum technolo-
gies. For example, collective phenomena, such as super-
radiant emission, can be important in implementations
of quantum memories and quantum interfaces between
light and cold atom systems [42]. The advent of metama-
terials, arrays of artificially fabricated magnetodielectric
resonators whose electromagnetic response and positions
are controlled by design, provide a way to exploit coop-
erative interactions, for example, to focus light or image
a system beyond the diffraction limit [43], to produce
narrow transmission resonances [44–46], or to create a
broad area coherent light source driven by an electron
beam [47].
Previous studies of light-atom interactions have pro-
vided a full field-theoretical formulation [7, 8] where the
atoms and light were treated in terms of quantum fields
throughout the analysis. It was shown, specifically in the
limit of low light intensity, that the strong light-matter
coupling leads to a hierarchy of equations of motion for
the correlation functions of atomic density and polariza-
tion. In the resulting hierarchy, atomic polarization den-
sity is coupled to a two-atom correlation function which
is then coupled to a three-atom correlation function, etc.
General solutions to such a hierarchy of equations even in
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2the case of small atom numbers are challenging, although
perturbative solutions may be derived, e.g., in inhomo-
geneously broadened samples [21], or in the limit of low
atom density ρ when ρ/k3  1 [6, 11, 26], where k de-
notes the resonant wave number of light. An alternative
approach, based on a stochastic Monte-Carlo simulation
technique, was presented in Ref. [10] by considering a
simplified 1D scalar electrodynamics of light-atom inter-
actions. The dynamics of the hierarchy for the equations
of motion in the limit of low light intensity was repro-
duced to all orders by solving a system of classical elec-
trodynamics equations for point dipoles at fixed positions
– these spatial positions are then stochastically sampled
from appropriate spatial distributions for each realization
(for a classical gas the atomic positions are independently
distributed and for quantum degenerate atoms they are
sampled from the joint many-body probability distribu-
tion). Such a coupled dipole model between pointlike
atoms was explicitly shown to provide an exact solution
for the low light intensity scalar theory with stationary
atoms at arbitrary atom densities by means of a clas-
sical electrodynamics simulation where all the recurrent
scattering processes are fully accounted for. Analogous
techniques to simulate classical electrodynamics of sys-
tems comprising discrete emitters have been applied to
a variety of systems, for example, to scatterers at fixed
positions [16, 45], and to scatterers whose positions are
stochastically distributed [1, 14, 15, 17, 19, 21, 48]. These
simulations considered the low light intensity limit and
involved either emitters with an isotropic polarizability
or emitters whose dipole orientations were all fixed in the
same direction (e.g., two-level atoms) or were averaged
over the spatial directions. Situations typically encoun-
tered in experiments on cold atomic ensembles, however,
involve atoms with an internal hyperfine level structure
and are not limited only to low light intensities.
In this paper we derive general stochastic simulations
techniques for the light-atom interactions in cold atomic
ensembles based on a quantum field-theoretical analysis
for the coupled theory of atoms and light. We incorpo-
rate a multiple level structure of the atoms, full vector
properties of the electromagnetic fields, and saturation
of the atoms due to illuminating light. We show that the
Monte-Carlo simulation technique, and the correspond-
ing equations of motion for the atoms in each stochastic
realization, can be derived by a methodologically simple
procedure that is based on taking expectation values of
the atoms when they are conditioned on a given set of
fixed spatial positions. This allows us to show explicitly
when the entire optical response of the atomic ensem-
ble can be represented exactly by a relatively simple set
of coupled equations for the atomic dipoles and when
more complex theories are required in order to deal with
classical and quantum-mechanical light-induced correla-
tions between the atoms. We specifically show that in the
low light intensity limit and for atoms with only a sin-
gle electronic ground state, the full optical response can
be represented exactly (within the statistical accuracy)
in terms of classical electrodynamics equations of mo-
tion for coupled point dipoles driven by an incident field,
when the positions of the dipoles are stochastically sam-
pled according to the statistical position correlations of
the atoms and ensemble averaged over many such realiza-
tions. In the presence of a Zeeman level structure where
multiple electronic ground states can couple to the light,
we show that the derivation of similar classical electro-
dynamics equations of motion requires an approximate
treatment of fluctuations due to repeated virtual photon
exchanges between atoms occupying different ground lev-
els. We introduce a classical approximation where the
recurrent (or dependent) scattering between the atoms is
included, but nonclassical higher order correlations be-
tween internal levels that involve fluctuations between
ground-state coherences of different levels and the po-
larization are factorized. The classical approximation
correctly reproduces all the atomic ground-state popu-
lation expectation values that, in the limit of low light
intensity, remain constant (unchanged from their initial
values) even in the exact quantum solution. We show
how one can go beyond this level of approximation by
progressively incorporating higher order quantum fluctu-
ation effects.
Our derivation for the stochastic techniques for the
electrodynamics simulations is not only restricted to the
low light intensity limit. Once saturation becomes im-
portant and the population of the electronically excited
levels can no longer be neglected, we show that we can
adapt the stochastic simulations to provide a tractable
coupled-dipole approach that scales favorably with the
atom number and where the internal level dynamics is
treated semiclassically. This is obtained by using factor-
ization approximations for certain correlation functions,
in a manner analogous to the factorization approxima-
tion introduced in the low light intensity case of multiple
ground levels.
In order to illustrate briefly the stochastic electrody-
namics simulations in practise, we also consider a specific
numerical example. In the low light intensity limit, we
calculate the optical response and collective excitation
eigenmodes of an atomic gas confined in a 2D optical
lattice by extending the model introduced in Ref. [17],
where the control of atomic positions was used to engi-
neer highly localized subwavelength-scale optical excita-
tions in the atomic system. We show that the system
supports collective excitation eigenmodes that exhibit a
broad range of super- and sub-radiant decay rates, and
we examine how this distribution depends on the lattice
spacing and confinement strength. Classical electrody-
namics simulations that treat multilevel 87Rb atoms for
fluorescence and coherent light transmission are reported
elsewhere [22, 49, 50].
In Sec. II we present the formalism necessary to de-
scribe the collective scattering problem for atoms in free
space, and derive general expressions for the optical re-
sponse. We then introduce the Monte-Carlo sampling
method, firstly for low light intensity in Sec. III, before
3including saturation in Sec. IV. Finally, we provide the
numerical example in Sec. V.
II. GENERAL THEORY
In this section we derive equations for the collective
optical response of an ensemble of atoms. We start
with a quantum field-theoretical formalism introduced in
Refs. [7, 8, 51], and extend the formalism beyond the
low light-intensity limit and by systematically including
multiple internal level structure.
A. Hamiltonian
We begin with a nonrelativistic Hamiltonian formal-
ism of electrodynamics in the dipole approximation
for atoms, expressing the Hamiltonian in the length
gauge obtained in the Power-Zienau-Woolley transforma-
tion [52–55]. The atoms and light are treated in terms of
quantum fields throughout the analysis. In second quan-
tization formalism for the electronic ground and excited
states of the atoms we account for the sublevel structure,
so that the corresponding field operators read ψˆgν(r) and
ψˆeη(r), respectively. Here the second subscript refers to
the sublevel index, such that the complete set of atomic
basis states is formed by |g, ν〉 and |e, η〉.
We write the Hamiltonian density as
H = Hg +He +HF +HD +HP . (1)
The atomic internal level energy is expressed by the first
two terms, for the example of the linear Zeeman shift
caused by a magnetic field of strength B these are given
by
Hg = ψˆ†gν(r)
(
µBBg
(g)
l ν
)
ψˆgν(r) , (2)
He = ψˆ†eη(r)
(
µBBg
(e)
l η + ~ω0
)
ψˆeη(r) , (3)
where g
(g)
l and g
(e)
l are the Lande´ g-factors [56] for levels g
and e, and ω0 is the resonance frequency of the |g〉 ↔ |e〉
transition in the absence of any magnetic field.
For the electromagnetic field we introduce the mode
frequency and the photon annihilation operator as ωq
and aˆq, respectively. The mode index q incorporates both
the wave vector q and the transverse polarization eˆq. In
the length gauge it is beneficial to represent the light
amplitude by the electric displacement Dˆ(r) which is the
basic dynamical variable for light [55]. We write it as a
sum of the positive and negative frequency components
Dˆ = Dˆ
+
+ Dˆ
−
, with Dˆ
+
= [Dˆ
−
]†, and with
Dˆ
+
(r) =
∑
q
ζqeˆqaˆqe
iq·r, ζq =
√
~0ωq
2V
, (4)
where V denotes the quantization volume. The Hamilto-
nian for the free electromagnetic field energy then reads
HF =
∫
d3rHF =
∑
q
~ωqaˆ†qaˆq . (5)
The atomic polarization Pˆ(r) interacts with the elec-
tric displacement and we have
HD = − 1
0
Pˆ(r) · Dˆ(r) . (6)
We also have in the Hamiltonian the polarization self-
energy term:
HP = 1
20
Pˆ(r) · Pˆ(r) . (7)
For nonoverlapping atomic point dipoles such a term van-
ishes.
In terms of our second quantized field operators, the
positive frequency component of the polarization can be
written in terms of contributions from differing sublevel
transitions as
Pˆ
+
(r) =
∑
ν,η
dgνeηψˆ
†
gν(r)ψˆeη(r) ≡
∑
ν,η
Pˆ
+
νη(r) , (8)
Pˆ
+
νη(r) ≡ dgνeηψˆ†gν(r)ψˆeη(r) , (9)
where dgνeη represents the dipole matrix element for the
transition |e, η〉 → |g, ν〉
dgνeη ≡ D
∑
σ
eˆσ〈eη; 1g|1σ; gν〉 ≡ D
∑
σ
eˆσC(σ)ν,η . (10)
Here the sum is over the unit circular polarization vec-
tors σ = ±1, 0, and C(σ)ν,η denote the Clebsch-Gordan co-
efficients of the corresponding optical transitions. The
reduced dipole matrix element is represented by D (here
chosen to be real) and deηgν = d
∗
gνeη. The light fields
with the polarizations eˆ± and eˆ0 drive the transitions
|g, ν〉 → |e, ν ± 1〉 and |g, ν〉 → |e, ν〉, respectively, in
such a way that only the terms σ = η− ν in Eq. (10) are
nonvanishing.
B. Light and matter fields
We assume that the atoms are illuminated by a near-
monochromatic incident laser at the frequency Ω. In the
following we assume that all the relevant quantities are
expressed as slowly varying amplitudes by explicitly fac-
toring out the dominant laser frequency oscillations by
writing ψˆeη → e−iΩtψˆeη, Dˆ+ → e−iΩtDˆ+, etc.
1. Scattered light
The light field may be obtained by integrating the
equations for motion for the photon operator aˆq, derived
4from the full Hamiltonian. The electric displacement can
be expressed as a sum Dˆ
+
(r) = Dˆ
+
F (r) + Dˆ
+
S (r) of the
free field part Dˆ
+
F (r) that would exist in the absence of
the matter, and the scattered field Dˆ
+
S (r). From
Dˆ(r) = 0Eˆ(r) + Pˆ(r) , (11)
we can write the electric field 0Eˆ
+
(r) = Dˆ
+
F (r)+Dˆ
+
S (r)−
Pˆ
+
(r) as the integral expression [7] (k = Ω/c)
0Eˆ
+
(r) = Dˆ
+
F (r) +
∫
d3r′ G(r− r′) Pˆ+(r′) , (12)
Gij(r) =
[
∂
∂ri
∂
∂rj
− δij∇2
]
eikr
4pir
− δijδ(r) . (13)
In Eq. (12) the monochromatic dipole radiation kernel
G(r) [29] provides the radiated field at r from a dipole
with the amplitude dˆ residing at the origin:
G(r) dˆ =
k3
4pi
{
(nˆ×dˆ)×nˆe
ikr
kr
+[3nˆ(nˆ · dˆ)− dˆ][ 1
(kr)3
− i
(kr)2
]
eikr
}
− dˆ δ(r)
3
,
(14)
where nˆ = r/r. When integrating over a volume in-
cluding the origin, the term in Eq. (14) proportional to
1/r3 does not absolutely converge. Following Ref. [7] we
interpret Eq. (14) in such a way that the integral over
an infinitesimal volume enclosing the origin of the term
inside the curly brackets vanishes.
2. Evolution of atomic fields
We may also derive the equations of motion for the
excited and ground state atomic fields
˙ˆ
ψeη(r) = i∆eη ψˆeη(r) +
i
~
deηgν · Eˆ+(r) ψˆgν(r) , (15)
˙ˆ
ψgν(r) = i∆gν ψˆgν(r) +
i
~
Eˆ
−
(r) · dgνeη ψˆeη(r) . (16)
Here in Eq. (15) we implicitly sum over all ν and in
Eq. (16) over all η. Similarly, in the remainder of the
paper we take repeated indices in expressions to in-
dicate an implicit summation. The atom-light detun-
ing is denoted by ∆eη = Ω − (ω0 + µBBg(e)l η/~) and
∆gν = −µBBg(g)l ν/~. For reasons that become obvious
later on, we would like to place all the atomic field oper-
ators in the normal order. In order to evaluate the free
field operator expectation values, we will place Dˆ
+
F (r) far-
thest to right and Dˆ
−
F (r) farthest to the left. Since the
initial free field is assumed to be in a coherent state, the
expectation values then produce multiplicative classical
coherent fields [57]. Using Eq. (12), for (15) we obtain
˙ˆ
ψeη(r) = i∆eη ψˆeη(r) +
i
~0
deηgν · Dˆ+F (r) ψˆgν(r)
+
i
~0
deηgν ·
∫
d3r′G(r− r′)Pˆ+(r′) ψˆgν(r) . (17)
We show in App. A that we can evaluate the commutator
[Dˆ
+
F (r), ψˆgν(r
′)] =
[
G(r− r′) + δ(r− r′)]dgνeζψˆeζ(r′) .
(18)
Taking the limit r′ → r in the field-theory version of the
Born and Markov approximations [7], and substituting
into (17) yields
˙ˆ
ψeη(r) = (i∆eη − γ)ψˆeη(r) + i~0 ψˆgν(r)deηgν · Dˆ
+
F (r)
+
i
~0
deηgν ·
∫
d3r′G′(r− r′)Pˆ+(r′) ψˆgν(r) . (19)
The spontaneous linewidth γ results from the imaginary
part of the commutator limit and is given by
γ ≡ D
2k3
6pi~0
. (20)
On the other hand, the divergent real part of the commu-
tator limit contributes to the Lamb shift and is assumed
to be included in the detuning ∆. We have introduced
the propagator
G′ij(r) ≡ Gij(r) +
δijδ(r)
3
, (21)
explicitly canceling the contact term in G(r), such that
the integral of G′(r) over an infinitesimal volume about
the origin vanishes. Since the hard-core of real inter-
atomic potentials prevents the overlap of cold atoms, the
contact term is inconsequential for real applications. In
fact, even for ideal point dipoles it can be shown in the
low light intensity limit that the light matter dynamics
is independent of the contact term [8].
In the equation of motion for ψˆgν(r) the free field is
already in the correct order and we obtain
˙ˆ
ψgν(r) = i∆gνψˆgν(r) +
i
~0
Dˆ
−
F (r) · dgνeηψˆeη(r)
+
i
~0
dgνeη ·
∫
d3r′ G′∗(r− r′)Pˆ−(r′)ψˆeη(r). (22)
When we derive the evolution equations for the atomic
polarization and the level populations that incorporate
the internal level structure of the atoms, it is useful to
introduce the following tensor
Pνηµτ ≡
dgνeηdeµgτ
D2 =
∑
σ,ς
eˆσeˆ
∗
ςC(σ)ν,η C(ς)τ,µ . (23)
The components of Pνηµτ depend on the vector properties
of the atomic level structure weighted by the Clebsch-
Gordan coefficients (here taken to be real).
5Combining Eqs. (19) and (22), and rewriting in normal
order, the optical response of the system can be encoded
in the equations of motion for the polarization operator
component Pˆ
+
νη(r), and ground and excited state coher-
ence operators ψˆ†gνψˆgη, ψˆ
†
eνψˆeη
d
dt
Pˆ
+
νη = (i∆¯gνeη − γ)Pˆ
+
νη + iξψˆ
†
gνψˆgτP
νη
ητDˆ
+
F
+ iξ
∫
d3r′ PνηητG
′(r− r′) ψˆ†gνPˆ
+
(r′)ψˆgτ
− iξ
∫
d3r′ PνητνG
′(r− r′) ψˆ†eτ Pˆ
+
(r′)ψˆeη
− iξψˆ†eτ ψˆeηPνητνDˆ
+
F , (24a)
d
dt
ψˆ†gνψˆgη = i∆¯gνgηψˆ
†
gνψˆgη
+ 2γC(σ)η,(η+σ)C(σ)ν,(ν+σ)ψˆ†e(ν+σ)ψˆe(η+σ)
− i ξD2 ψˆ
†
eτ ψˆgηdeτgν · Dˆ
+
F + i
ξ
D2 Dˆ
−
F · dgηeτ ψˆ†gνψˆeτ
− i ξD2
∫
d3r′ deτgν · G′(r− r′) ψˆ†eτ Pˆ
+
(r′)ψˆgη
+ i
ξ
D2
∫
d3r′ dgηeτ · G′∗(r− r′) ψˆ†gνPˆ
−
(r′)ψˆeτ ,
(24b)
d
dt
ψˆ†eνψˆeη = (i∆¯eνeη − 2γ)ψˆ†eνψˆeη
+ i
ξ
D2 ψˆ
†
eνψˆgτdeηgτ · Dˆ
+
F − i
ξ
D2 Dˆ
−
F · dgτeνψˆ†gτ ψˆeη
− i ξD2
∫
d3r′ dgτeν · G′∗(r− r′) ψˆ†gτ Pˆ
−
(r′)ψˆeη
+ i
ξ
D2
∫
d3r′ deηgτ · G′(r− r′) ψˆ†eνPˆ
+
(r′)ψˆgτ .
(24c)
Here the repeated indices τ, σ indicate implicit sum-
mations over the corresponding sublevels and polariza-
tions, and we define ∆¯aνbη = ∆bη − ∆aν (a, b = g, e).
In Eqs. (24) we have introduced a notational convention
where we show explicitly only the nonlocal position de-
pendence r′, and the local coordinate r of the fields is
suppressed. We follow this convention in the rest of the
paper whenever the equations would otherwise become
notably longer. We have also defined
ξ ≡ D
2
~0
. (25)
The difficulty in solving the optical response analyti-
cally is now evident. Taking expectation values of both
sides of Eqs. (24), we see that the one-body correlation
functions of interest depend on integrals over two-body
correlation functions. In turn, the two-body correlation
functions depend on integrals over three-body correla-
tions, and so it continues up to the Nth order correla-
tion functions. We give explicit expressions in App. B for
the resulting hierarchy of equations of motion for correla-
tion functions in the limit of low light intensity. Outside
of this limit, when all correlation functions must be in-
cluded, the complexity of the coupled equations grows
even more rapidly as a function of the number of atoms
and internal levels. In practice, even for systems of a
few atoms in the low light intensity limit one requires
some form of truncation in order to solve the hierarchy
of equations. Such approximations to the light-induced
correlations may be obtained as a perturbative expansion
in the small parameter ρ/k3, which is valid at low atom
densities [5, 6, 11, 26], or the Doppler broadening of the
atoms in inhomogeneously broadened samples [21]. In
contrast, the stochastic techniques which we describe in
the following sections provide a computationally efficient
approach, which in certain situations and limits can be
solved exactly at arbitrary atom densities.
In obtaining these equations, we have made the sim-
plification that the atomic motional state is unchanged
by the scattering of light, and have ignored the corre-
sponding inelastic processes. In the following sections we
describe how stochastic techniques may be used to find
the polarization 〈Pˆ+(r, t)〉, from which the electric field
amplitude 〈Eˆ+(r, t)〉 can be calculated using Eq. (12).
Equations (24) are general equations including the ef-
fects of saturation and multiple level structure. For two-
level atoms they simplify considerably due to the fixed
orientation eˆ of the atomic dipoles of two-level atoms. As
a consequence, the polarization operator of the atoms is
proportional to the scalar operator Pˆ+ ≡ eˆ∗ · Pˆ+, and
components of Pˆ
+
orthogonal to eˆ are zero. By making
the substitution Pˆ
+ → eˆPˆ+ in Eqs. (24) we obtain the
two-level atom expressions
d
dt
Pˆ+ = (i∆¯− γ)Pˆ+
+ iξ
(
ψˆ†gψˆg − ψˆ†eψˆe
)
eˆ∗ · Dˆ+F
+ iξ
∫
d3r′ eˆ∗ · G′(r− r′)eˆ ψˆ†gPˆ+(r′)ψˆg
− iξ
∫
d3r′ eˆ∗ · G′(r− r′)eˆ ψˆ†ePˆ+(r′)ψˆe , (26)
d
dt
ψˆ†gψˆg = −
d
dt
ψˆ†eψˆe , (27)
= 2γψˆ†eψˆe
− i ξD2 Pˆ
−eˆ∗ · Dˆ+F + i
ξ
D2 Dˆ
−
F · eˆPˆ+
− i ξD
∫
d3r′ eˆ∗ · G′(r− r′)eˆ ψˆ†ePˆ+(r′)ψˆg
+ i
ξ
D
∫
d3r′ eˆ · G′∗(r− r′)eˆ ψˆ†gPˆ−(r′)ψˆe . (28)
In the limit of low light intensity, the optical response
given by Eqs. (24) can be significantly further simplified,
particularly so for atoms of isotropic polarizability with a
single electronic ground state or for two-level atoms. We
discuss these simplifications below, before considering the
stochastic solution of the resultant equations in Sec. III.
6We subsequently extend the stochastic treatment to the
full equations in Sec. IV.
C. The limit of low light intensity
In the limit of low light intensity, the atoms occupy
the electronic ground states, and the change in the ex-
cited state field amplitudes is linearly proportional to the
incident light field amplitude, according to Eq. (15). In
order to take the weak excitation limit in the first or-
der of the light field amplitude Dˆ
±
F we therefore include
in the dynamics the leading order contributions given by
terms that include at most one of the operators Dˆ
±
F , ψˆeη,
or ψˆ†eη. In the first order of light intensity, the excited
state population accordingly vanishes. Neglecting higher
order terms, we obtain the equation of motion for the
polarization operator component Pˆ
+
νη(r) from Eq. (24a),
d
dt
Pˆ
+
νη = (i∆¯gνeη − γ)Pˆ
+
νη + iξψˆ
†
gνψˆgτP
νη
ητDˆ
+
F
+ iξ
∫
d3r′ PνηητG
′(r− r′) ψˆ†gνPˆ
+
(r′)ψˆgτ . (29)
On the other hand, any change in the electronic ground-
state coherence operators ψˆ†gνψˆgη exhibits merely a phase
rotation due to Zeeman splitting. This is because any
change in the ground-state amplitude ψˆgν beyond the
phase rotation is second order in the incident light field
amplitude (via E and ψˆeη) according to Eq. (16).
1. Isotropic and two-level atoms
The optical response simplifies further if we consider
two special cases of atoms with a single electronic ground
level: (1) a gas of atoms whose polarizability is isotropic
with a single electronic ground state and (2) a gas of two-
level atoms. An isotropic polarizability is obtained when
the atoms comprising the gas have a ground state with
total electronic and atomic angular momenta J = 0, such
as alkaline-earth-metal or rare-earth metal atoms with
zero nuclear spin. By selection rules, the excited state
must have angular momentum J ′ = 1. In the absence
of Zeeman splitting between the three different excited
sublevels, the atoms exhibit an isotropic polarizability.
Two-level systems can be obtained from such atoms by
choosing a transition corresponding to an electric dipole
along a desired direction. Alternatively, a two-level sys-
tem can be realized using cycling transitions in alkali-
metal atoms. In either scenario, other unwanted transi-
tions could be detuned out of resonance using, for exam-
ple, static fields to lift the Zeeman degeneracy.
Since only one ground state |g, ν = 0〉 is present for a
gas of atoms with isotropic polarizability, the total polar-
ization of the system is Pˆ
+
=
∑1
η=−1 Pˆ
+
0η, and the rele-
vant Clebsch-Gordan coefficients are C(σ)0,η = δησ. Consis-
tent with Eq. (29), we find the polarization evolves as [7]
d
dt
Pˆ
+
= (i∆¯− γ)Pˆ+ + iξψˆ†gψˆgDˆ
+
F
+ iξ
∫
d3r′ G′(r− r′) ψˆ†gPˆ
+
(r′)ψˆg , (30)
where ∆¯ = ∆e −∆g.
In contrast to atoms with isotropic polarizability, the
fixed orientation of the atomic dipoles of two-level atoms
means that, in the low light intensity limit, we only need
to consider the equation of motion for the scalar polari-
sation operator Pˆ+, which reduces in this limit to [from
Eq. (26)]
d
dt
Pˆ+ = (i∆¯− γ)Pˆ+ + iξψˆ†gψˆgeˆ∗ · Dˆ
+
F
+ iξ
∫
d3r′ eˆ∗ · G′(r− r′)eˆ ψˆ†gPˆ+(r′)ψˆg . (31)
In the low light intensity limit, it remains to solve
Eqs. (31), (30), or (29), depending on the complexity of
the system to be modeled. We show in the following sec-
tion the degree to which these equations may be treated
by stochastic techniques, and that they may be solved ex-
actly in the case of atoms with a single electronic ground
state. Later, in Sec. IV, we discuss the extension of these
techniques to higher intensities, including the effects of
saturation.
III. STOCHASTIC CLASSICAL
ELECTRODYNAMICS SIMULATIONS IN THE
LOW LIGHT INTENSITY LIMIT
A. Exact solutions for atoms with a single ground
level
In the previous sections we introduced a quantum field-
theoretical formalism for the coupled system of atoms
and light. We will next use simple principles to derive
equations of motion for stochastic classical electrodynam-
ics simulations of the optical response. For atoms with
a single electronic ground state, and in the limit of low
light intensity (see Sec. II C 1), these stochastic simula-
tions can provide exact solutions for the optical response
of an ensemble of stationary atoms that in the full quan-
tum field-theoretical analysis is represented by the hi-
erarchy of equations of motion for correlation functions
(App. B). In contrast, as we show in the following section,
when generalizing this technique to treat atoms with mul-
tiple ground levels we must introduce a classical approx-
imation for virtual fluctuations between different ground
levels.
In the low light intensity limit we shall show that the
atoms can be treated as a collection of coupled linear os-
cillators whose positions are stochastically sampled from
the appropriate spatial distribution. For each stochastic
7realization of a fixed set of atomic positions we solve the
coupled electrodynamics for the atoms and light. The
optical response of the ensemble is then given by av-
eraging any derived quantities of interest, such as po-
larization, over many such realizations [10, 17, 21]. It
was first shown in the case of 1D scalar electrodynamics
in Ref. [10] that the stochastic classical electrodynamics
simulations reproduce the full quantum field-theoretical
representation for the hierarchy of equations of mo-
tion for light-induced correlation functions [Eq. (B8)].
Analogously, the equivalence between the classical result
and the collective emission of a single-photon excitation
from a cloud of N two-level atoms was demonstrated in
Ref. [58]. We extend the simplified model of Ref. [10] to
the 3D case of the J = 0→ J ′ = 1 transition in App. B,
including the vector properties of the electromagnetic
fields. Such coupled dipole model simulations treating
atoms as classical, linear oscillators have been used to
calculate the responses of two-level atoms [10, 17, 59],
emitters with isotropic susceptibility [15, 19, 21, 48], or
emitters with some spatial averaging over dipole orienta-
tions [14].
The procedure for calculating the response amounts
to a Monte-Carlo integration of Eqs. (30) (for isotropic
atoms) or (31) (for two-level atoms) in which a realiza-
tion of discrete atomic positions {X1,X2, . . . ,XN} is a
set of random variables sampled from the joint probabil-
ity distribution |Ψ(r1, r2, . . . , rN )|2, determined by the
ground-state many-body wave function Ψ(r1, r2, . . . , rN )
that describes the center-of-mass state of the atoms. If
the atoms can be considered to be initially uncorrelated
before the light enters the medium (for instance, in a
classical vapor or in an ideal Bose-Einstein condensate),
the sampling reduces to the simple procedure of indepen-
dently sampling the position of atom i from the atomic
density distribution of the ensemble ρ1(ri) [as discussed
further in App. B, see Eqs. (B9) and (B10)]. An ex-
plicit example of the position sampling is given later, in
Sec. V, for a simple special case in a strongly correlated
quantum system. Other examples include Fermi-Dirac
statistics, which can be modeled using a Metropolis al-
gorithm [10]. Quantum mechanical expectation values
for the quantities of interest are then generated from an
ensemble average over many stochastic realizations.
We will next present a simple procedure for deriving
the classical electrodynamics equations for individual re-
alizations of atomic positions {X1, . . . ,XN}. In order to
obtain the equations governing the optical response of
any particular stochastic realization, we take the expec-
tation values of both sides of Eq. (30), conditioned on
the N atoms being at the positions X1, . . . ,XN . Since
up until now we have been dealing with quantum field op-
erators for the atoms, the procedure is tantamount to a
hypothetical situation in which the atoms are physically
pinned at fixed positions {X1, . . . ,XN}. The atomic den-
sity then becomes〈
ψˆ†gψˆg
〉
{X1,...,XN}
=
∑
j
δ(r−Xj) , (32)
where the subscript {X1, . . . ,XN} indicates the condi-
tioning of the expectation value. Similarly, the polariza-
tion density operator is〈
Pˆ
+
(r)
〉
{X1,...,XN}
= D
∑
j
P(j)δ(r−Xj) , (33)
where, for isotropic atoms, we define the normalized
dipole amplitude P(j) = ∑σ eˆσP(j)0σ of atom j, condi-
tioned on atoms being located at positions X1, . . . ,XN .
Similarly, for two-level atoms, we define the conditional
normalized dipole amplitude P(j) = eˆP(j).
In the following, we will proceed explicitly with the
derivation of the stochastic equations of motion for the
isotropic case J = 0 → J ′ = 1. The expectation value
for the density-polarization operator appearing under
Eq. (30) is〈
ψˆ†g(r)Pˆ
+
(r′)ψˆg(r)
〉
{X1,...,XN}
= D
∑
j
∑
l 6=j
P(l)δ(r−Xj)δ(r′ −Xl) . (34)
Here we have explicitly avoided double counting of any
atom by excluding the atom j in the summation over
l. The benefit of arranging all the atomic operators into
normal order now becomes obvious. The normal ordering
corresponds to a simple procedure of classical counting of
atoms, in an analogy of photon counting theory in photon
detection [60–62].
Substituting Eqs. (32), (33) and (34) into Eq. (30), we
find that for isotropic atoms
d
dt
∑
j
P(j) δ(r−Xj) = (i∆¯− γ)
∑
j
P(j) δ(r−Xj) + i ξD
∑
j
D+F δ(r−Xj)
+ iξ
∑
j
∑
l 6=j
∫
d3r′ G′(r− r′)P(l)δ(r−Xj)δ(r′ −Xl) , (35)
where we have taken the driving field Dˆ
+
F to be in a coher- ent state, such that under expectation values it provides
8a multiplicative classical coherent field D+F . Multiplying
both sides of Eq. (35) by δj,j′ , interchanging indices j
and j′, and integrating over r, we find the dynamics of
the individual atomic dipole moments satisfy the coupled
equations
d
dt
P(j) = (i∆¯− γ)P(j) + i ξD D
+
F (Xj)
+ iξ
∑
l 6=j
G′(Xj −Xl)P(l) , (36)
which may be used to study the time-dynamics of the
polarization, e.g., by short resonant pulses. We may also
obtain the steady-state solution to Eq. (36)
P(j) = αD D
+
F (Xj) + α
∑
l 6=j
G′(Xj −Xl)P(l) , (37)
where the polarizability of the atom α is in this case
isotropic, and defined by
α = − D
2
~0(∆¯ + iγ)
. (38)
Both Eqs. (36) and (37) represent the coupled equations
for atomic excitations in the presence of a driving in-
cident light. The atoms are located at discrete posi-
tions {X1,X2, . . . ,XN} and the interactions between the
atoms are mediated by the scattered light field. As a con-
sequence P(j) depends not only on Xj , but also on the
position of all other atoms.
Each atom acts as a source of scattered dipole radi-
ation providing a scattered field for (the positive fre-
quency component) of the electric field 0E
(l)
S (r) = G
′(r−
Xl)DP(l), where the propagator is defined in Eq. (21)
and gives the familiar expression for the electric field ra-
diated by a dipole DP(l) situated at point Xl. Each atom
j at position Xj in Eqs. (36) and (37) is therefore driven
by the field E+ext(Xj) that is the sum of the incident field
D+F (Xj) and the fields scattered from all N − 1 other
atoms in the system
0E
+
ext(Xj) = D
+
F (Xj) +
∑
l 6=j
0E
(l)
S (Xj) . (39)
Focusing on the steady-state response (37), the scat-
tered field then induces the polarization at the atom j
that is proportional to the polarizability α [Eq. (38)]
DP(j) = α0E+ext(Xj). Owing to the isotropic response
of the atoms in case of the J = 0 → J ′ = 1 transition,
the total electric field in the steady-state case (37) may
be solved from
0E
+
ext(Xj) = D
+
F (Xj) + 0α
∑
l 6=j
G′(r−Xl)E+ext(Xl) .
(40)
This linear set of equations can be solved to give the total
electric field amplitude everywhere in space
0E
+(r) = D+F (r) + 0α
∑
j
G′(r−Xj)E+ext(Xj) . (41)
A convenient feature of the isotropic J = 0 → J ′ = 1
transition is that all the internal properties of the atoms
in Eq. (40) are encapsulated in a single scalar quantity
α.
The response of the system at low light intensities for a
single realization of atomic positions is equivalent to the
response of a model of coupled harmonic oscillators at
positions X1, . . . ,XN . The oscillators have dipole matrix
elements D, detuning ∆¯, and spontaneous linewidth γ
defined in Eq. (20).
In order to obtain the steady-state solution for the
optical response of the atomic ensemble where the po-
sitions of the atoms are distributed according to some
joint probability distribution P (r1, r2, . . . , rN ), one then
stochastically samples the atomic positions. For each
stochastic realization of a set of discrete atomic positions
{X1,X2, . . . ,XN}, one solves Eq. (40) for the electric
field, or equivalently Eq. (37). With that solution, one
calculates the observables of interest for each realization.
The expectation value of those observables corresponds
to the average over sufficiently many stochastic realiza-
tions. Dynamical calculations proceed analogously, cal-
culating dynamical trajectories from Eq. (36) for individ-
ual realizations of atomic positions, and averaging over
many trajectories.
Following the arguments of Ref. [10], we show in
App. B that this sampling procedure generates the cor-
rect dynamics for many-body polarization-density cor-
relation functions in the low light intensity limit. We
note that, while we appear to neglect correlations be-
tween atoms in a single realization by using Eq. (34),
App. B demonstrates the subsequent averaging over
many stochastic realizations includes all relevant corre-
lations for low light intensity coherent scattering.
While we focus on cold, homogeneously broadened en-
sembles of atoms, we note that thermal effects can also be
approximated in this treatment. Thermal motion of the
atoms introduces Doppler broadening of the resonance
frequencies. This inhomogeneous broadening mechanism
is accounted for by additionally stochastically sampling
the resonance frequency detunings of each atom ∆¯(j) to
reflect the distribution of thermal atomic velocities [21].
The two-level case can be treated analogously to the
isotropic case. In contrast to atoms with isotropic po-
larizability, the atomic dipoles of two-level atoms have a
fixed orientation eˆ. As a consequence, the dipole moment
of the atoms is proportional to the scalar P(j) ≡ eˆ∗ ·P(j),
and components of P(j) orthogonal to eˆ are zero. By
making the substitution P(j) → eˆP(j) into Eq. (36), we
find that for a stochastic realization of two-level atomic
positions, the dipole amplitudes evolve as
d
dt
P(j) = (i∆¯− γ)P(j) + i ξD eˆ
∗ ·D+F (Xj)
+ iξ
∑
l 6=j
eˆ∗ · G′(Xj −Xl)eˆP(l) . (42)
Averaging over many such realizations generates the dy-
namics of the expectation value of the polarization, from
9which quantities of interest may be calculated. Alterna-
tively, analogous arguments to those above can be used
to directly solve for the steady state electric field.
B. Approximate solutions for multilevel atoms
In common experimental situations [22], the electronic
ground state of the atoms may have nonzero angular mo-
mentum and multiple internal transitions participate in
the scattering processes. In this section we consider the
generalization of the stochastic classical electrodynam-
ics simulations of Sec. III A to such cases. In contrast
to single ground level atoms, the systems consisting of
atoms with multiple ground levels support virtual fluc-
tuations between Zeeman ground levels that can become
correlated with the atomic polarization, even in the low
light intensity limit. This added complexity manifests
itself in the quantum field-theoretical representation for
the coupled system of atoms and light that leads to the
hierarchy of equations of motion for `th order correlation
functions (` = 1, . . . , N) that fully describe the ensem-
ble’s optical response [see Eqs. (B2)-(B5)]. As shown in
App. B, rather than considering one vector-valued cor-
relation function for each level of the dynamic hierarchy
for isotropic atoms, the number of correlation functions
involved in the optical response of multilevel atoms scales
exponentially with the number of atoms in the system.
Physically, for single ground level atoms at the limit
of low light intensity, the excitation of each atom can be
described as a superposition of linear polarization am-
plitudes. There is therefore no additional internal level
dynamics beyond the spatial positions of the atoms that
could become correlated by the scattered light. A nu-
merical treatment of the light-induced position correla-
tions between the atoms is consequently sufficient to ob-
tain the complete solution to the problem. However, for
atoms possessing multiple ground levels the light may
also generate nonclassical internal level correlations be-
tween different atoms. As a consequence, the classical
electrodynamics simulations of charged harmonic oscilla-
tors at stochastically sampled positions that exactly re-
produce the hierarchy for isotropic and two-level atoms
(see Sec. III A) are not able to capture quantum fluctu-
ations that may potentially arise in the case of multiple
ground levels.
In this section, we show how to generalize the stochas-
tic classical electrodynamics simulations of Sec. III A to
approximate the cooperative response of an ensemble of
atoms with multiple electronic ground states. We intro-
duce a classical approximation where we include the re-
current scattering processes between the classical dipoles
corresponding to the different atomic transitions, but
nonclassical higher order correlations between internal
levels that involve fluctuations between ground-state co-
herences of different levels and the polarization are fac-
torized. We emphasize, however, that the single-particle
expectation values of the ground state populations and
coherences, themselves, are unaffected by these nonclas-
sical correlation effects to first order in the electric field
amplitude. An analogous factorization approximation of
higher order internal atomic level correlations will also
be employed in Sec. IV when we show how to simulate
an ensemble’s cooperative response outside the low light
intensity limit. The classical electrodynamics approxi-
mation for atoms with multiple ground levels leads to
a treatment where the atomic Zeeman levels, as well as
the atomic positions, are stochastically sampled. This
was first outlined and employed in Ref. [22] to model the
experiments presented in that reference. We later show
how to improve the approximation to account for pair-
wise correlations between virtual fluctuations of Zeeman
states and atomic dipoles in Sec. III B 1.
As with isotropic and two-level atoms, we determine
the optical response of the gas by stochastically sam-
pling the positions of the atoms {X1, . . . ,XN}, and then
determine the optical response for each such realiza-
tion. Following the same general procedure established
in Sec. III A, for each realization of atomic positions,
we consider the hypothetical situation where atoms are
pinned to the points {X1, . . . ,XN}. The dynamics of
the atomic dipoles for each realization are then found
by taking the expectation value of Eq. (29) conditioned
on atoms being located at those points. For notational
simplicity, we focus here on the common experimental
situation where the atoms are initially (before the in-
cident light enters the atomic gas) assumed to be in
an incoherent mixture of ground levels |g, ν〉, such that
〈ψˆ†gνψˆgτ 〉 = 0 if ν 6= τ . The treatment can be generalized
also to the case where the initial Zeeman coherences be-
tween the different ground levels ν 6= τ are nonvanishing
and this will be briefly discussed towards the end of this
section. In the limit of low light intensity, an initially in-
coherent mixture remains so at all times, and the relative
populations of the different levels are invariant.
The ground-level densities conditioned on a single re-
alization of discrete atomic positions can conveniently be
represented as
〈ψˆ†gνψˆgν〉{X1,...,XN} =
∑
j
f (j)ν δ(r−Xj), (43)
with relative occupations of the different ground levels
f
(j)
ν (0 ≤ f (j)ν ≤ 1 and ∑ν f (j)ν = 1), at position Xj . In
the limit of low light intensity these single-atom ground-
state populations are constant and unaffected by light to
first order in the electric field amplitude (see Sec. II C).
Analogous to Eq. (33), we similarly obtain for a specific
realization of the atomic positions the polarization
〈Pˆ+νη〉{X1,...,XN} = D
∑
σ
eˆσC(σ)ν,η
×
∑
j
f (j)ν P(j)νη (t) δ(r−Xj), (44)
where P(j)νη (t) denote the dynamic excitation amplitudes.
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The electric dipole for the atomic transition |g, ν〉 →
|e, η〉 of atom j is then given by Deˆη−νC(η−ν)ν,η f (j)ν P(j)νη .
The expectation value for the density-polarization op-
erator [appearing in the last term of Eq. (29)] involves
the two-body correlation functions〈
ψˆ†gν(r)ψ
†
gµ(r
′)ψˆeη(r′)ψˆgτ (r)
〉
{X1,...,XN}
=
∑
j
∑
l 6=j
P(j;l)ντ ;µηδ(r−Xj)δ(r′ −Xl) . (45)
Here P(j;l)ντ ;µη denote two-atom internal level correlation
functions. They characterize correlations involving a Zee-
man coherence between the ground levels ν and τ of
atom j and the polarization amplitude for the transition
|g, µ〉 → |e, η〉 of another atom l 6= j. It might, at first,
appear unnecessary to include such pair correlations that
consists of a Zeeman coherence between different ground
levels ν and τ . We assumed an incoherent mixture for
which 〈ψˆ†gνψˆgτ 〉 = 0 whenever ν 6= τ – which then in
the limit of low light intensity remains valid at all times.
However, while no single particle Zeeman coherences can
be generated by optical scattering in an incoherent mix-
ture in the low light intensity limit, we will show that
light scattering can generate nonzero two-atom correla-
tions P(j;l)ντ ;µη, and we discuss the implications of this be-
low.
Using these definitions by substituting Eqs. (43), (44),
and (45) into Eq. (29), we obtain (for f
(j)
ν 6= 0)
d
dt
∑
j
P(j)νη δ(r−Xj) = [i∆¯gνeη − γ]
∑
j
P(j)νη δ(r−Xj) + i
ξ
D
∑
j
C(σ)ν,η eˆ∗σ ·D+F δ(r−Xj)
+ iξ
∑
j
∑
l 6=j
∫
d3r′ C(σ)τ,η eˆ∗σ · G′(r− r′)eˆςC(ς)µ,ζ
P(j;l)ντ ;µζ
f
(j)
ν
δ(r−Xj)δ(r′ −Xl) , (46)
where ∆¯gνeη = ∆eη −∆gν , and repeated indices τ , µ, ζ,
σ and ς are summed over.
As in Sec. III A, we can simplify Eq. (46) by multiply-
ing both sides by δj,j′ , interchanging the indices j and j
′,
and integrating over r, thus obtaining
d
dt
P(j)νη = (i∆¯gνeη − γ)P(j)νη + i
ξ
D C
(σ)
ν,η eˆ
∗
σ ·D+F (Xj)
+ iξ
∑
l 6=j
C(σ)τ,η eˆ∗σ · G′(Xj −Xl)eˆςC(ς)µ,ζ
P(j;l)ντ ;µζ
f
(j)
ν
, (47)
In the absence of magnetic Zeeman splitting (B = 0), the
steady state polarization amplitudes for a specific atom
j become
P(j)νη =
ανη
D C
(σ)
ν,η eˆ
∗
σ ·D+F (Xj)
+ ανη
∑
l 6=j
C(σ)τ,η eˆ∗σ · G′(Xj −Xl)eˆςC(ς)µ,ζ
P(j;l)ντ ;µζ
f
(j)
ν
. (48)
In Eqs. (47) and (48), repeated indices τ , µ, ζ, σ, and
ς are summed over. The atomic polarizability is now
anisotropic
ανη = − D
2
~0(∆¯gνeη + iγ)
. (49)
We have now removed the spatial correlations of the
atoms by considering the atoms at fixed positions. In the
simulations this represents an individual stochastic real-
ization when the atomic configuration has been sampled
from the joint probability distribution of the atomic posi-
tions. However, due to the multiple internal ground lev-
els, correlations between the levels may still exist. Gener-
ally, to calculate the optical response, one must therefore
determine the dynamics of the two-atom internal level
correlations P(j;l)ντ ;µζ . We will see later in Sec. III B 1 that
the internal level pair correlations depend on three-atom
internal level correlations, and so on. The equations of
motion for these internal level correlation functions may
be derived from the quantum field-theoretical hierarchy
of equations of motion for multilevel density-polarization
correlation functions presented in App. B [see Eqs. (B2)-
(B5)] when the atoms are pinned at the stochastically
sampled points {X1, . . . ,XN}. In contrast to the sin-
gle ground level case (as discussed in Sec. III A), for
multiple ground levels the full field-theoretical descrip-
tion [Eq. (B5)] cannot be solved exactly by tracking only
single-atom internal level correlations for each realization
of atomic positions. Rather, P(j;l)ντ ;µζ does not factorize
into single-atom internal level correlations and describes
pair correlations between internal levels, involving virtual
fluctuations between ground-state coherences of different
levels and the polarization. We will briefly discuss the
dynamics of P(j;l)ντ ;µζ in Sec. III B 1
Here we introduce a computationally efficient classi-
cal approximation where the virtual fluctuations between
ground-state coherences of different levels and the polar-
ization are neglected. We assume that the correlations
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P(j;l)ντ ;µζ for the atoms j and l factorize,
P(j;l)ντ ;µη ' δντf (j)ν f (l)µ P(l)µη , (50)
where the Kronecker delta δντ appears due to the as-
sumption of an incoherent mixture of ground levels. With
this simplification, Eqs. (47) and (48) each become a
closed set of linear equations resembling the electrody-
namic response of a set of classical linear oscillators.
These can be solved for each set of fixed atomic posi-
tions. Ensemble-averaging over many stochastic realiza-
tions then generates light-induced correlations between
the atoms.
For a single realization, the temporal evolution and
the steady state of the atomic polarization can be in-
ferred from Eqs. (47) and (48) [with the approximation of
Eq. (50)], respectively. For each occupied Zeeman ground
state (i.e., levels |g, ν〉 for which f (j)ν 6= 0), the amplitudes
P(j)ν,ν+σ (σ = 0,±1) potentially contribute to the dipole
moment of atom j. At first glance, one might expect
that for every atom, one would have to track three ampli-
tudes for every occupied Zeeman ground level. A numer-
ically efficient alternative to this approach, however, is
to stochastically sample ground level occupations for ev-
ery realization of atomic positions. Specifically, for each
realization, one randomly samples the atomic positions
{X1, . . . ,XN}, drawn from the many-body joint proba-
bility distribution. Then, for each atom j = 1, . . . , N ,
one stochastically samples the atom’s initial ground level
|g,Mj〉, where the probability of choosing the Zeeman
state {M1, . . . ,MN} is governed by the populations f (j)ν ,
which can be obtained from the initial many-body dis-
tribution. For each stochastic realization, each atom
is then described by only three amplitudes P(j)Mj ,Mj+σ
(σ = 0,±1), which have the steady-state solutions (with
the repeated indices σ, ς, and ζ summed over)
P(j)Mjη =
αMjη
D C
(σ)
Mj ,η
eˆ∗σ ·D+F (Xj)
+ αMjη
∑
l 6=j
C(σ)Mj ,ηeˆ∗σ · G′(Xj −Xl)eˆςC
(ς)
Ml,ζ
P(l)Mlζ . (51)
From the solution of the steady-state or time-
dependent amplitudes for each realization, one can calcu-
late the scattered electric field and other related observ-
ables. We can then write the total electric field as the
sum of the incident field and the fields scattered from
each atom in the ensemble, which for a single realization
of atomic positions and Zeeman levels is given by
0E(r, t) = D
+
F (r, t) +D
∑
j
G′(r−Xj)eˆσC(σ)Mj ,ηP
(j)
Mjη
,
(52)
where repeated indices σ and η are summed over. [The
single ground level analogue of Eq. (52) for a J = 0 →
J ′ = 1 transition is given by Eq. (41).] Subsequent av-
eraging over a large enough ensemble of realizations of
positions and Zeeman states provides the expectation val-
ues of the scattered electric field and other observables
of interest. The multilevel classical electrodynamics sim-
ulations have recently been implemented to study the
pulsed excitations of 87Rb atoms in the F = 2 ground-
state manifold for fluorescence and coherent light trans-
mission [22, 49, 50].
Though the classical approximation of Eq. (50) ne-
glects the quantum virtual fluctuations between different
Zeeman ground levels, as mentioned earlier, averaging
over many stochastic realizations of positions and Zee-
man states still produces correlations between the polar-
ization, density, and atomic Zeeman states. In partic-
ular, as in Sec. III A, recurrent scattering processes are
included in this treatment. However, in contrast to the
case of a single ground level system, due to the approx-
imation of Eq. (50) we no longer exactly reproduce the
dynamics of the full quantum field-theoretical represen-
tation of the optical response that is expressed by the
hierarchy of equations for the correlation functions given
in App. B. A similar approximation for two-level atoms
outside the low light intensity limit will be discussed in
Sec. IV A.
We have focused here on describing the response of
atomic ensembles that initially – before the light enters
the sample – are prepared in an incoherent mixture of
ground levels. Ground level coherences could be included
by replacing Eq. (43) by the more general expression
〈ψˆ†gνψˆgτ 〉{X1,...,XN} =
∑
j
%(j)ντ δ(r−Xj). (53)
Here %
(j)
ντ describe coherences between internal ground
levels ν and τ for atom j in a single realisation of atomic
positions. In the limit of low light intensity, such co-
herences are invariant with the exception of a phase ro-
tation resulting from any energy splitting of the ground
levels. An analogous treatment to that presented above
then leads to generalized equations of motion for a sin-
gle stochastic realization. Later, in Sec. IV B, we show
explicitly how ground level coherences may be taken into
account outside of the low light intensity limit, where one
allows for saturation and dynamics between all Zeeman
levels.
1. Incorporating virtual Zeeman fluctuations
The stochastic technique described above removes the
spatial correlations in each individual stochastic realiza-
tion and the electrodynamics can be solved for a fixed set
of atomic positions. Generally, in the presence of multiple
internal ground levels, there is additional internal-level
dynamics beyond the spatial positions of the atoms that
can in principle lead to nonclassical correlations between
the different atoms mediated by the scattered light. The
classical approximation, we introduced in the previous
section, assumes that the two-atom internal level cor-
relation functions P(j;l)ντ ;µη can be factorized according to
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Eq. (50), leading to a coupled multilevel dipole model. In
order to incorporate quantum effects beyond the classi-
cal model, we must track the virtual fluctuations between
different ground Zeeman states in P(j;l)ντ ;µη in each realiza-
tion of atomic positions. We now discuss how to track
this quantity, accounting for the possibility that corre-
lations may form between these virtual fluctuations and
atomic dipoles.
We treat the two-atom internal level correlation func-
tions on which the single-atom amplitudes depend [see
Eq. (47)] in a way similar to the method we employed to
derive the dynamics for P(j)νη . Using Eqs. (19) and (22),
one can write the equation of motion, to first order in the
electric field, of the products of field operators appear-
ing in Eq. (29). For a general initial many-body atomic
wave function, the polarization can be found by solving
the hierarchy of equations of motion for the correlation
functions presented in App. B [7]. For a specific real-
ization of atomic positions, one expresses the correlation
functions subject to the atoms being at those positions
{X1, . . . ,XN}. Doing so results in a two-atom ground
state correlation function that interacts with the driving
field. We write the ground-state pair correlation function
〈
ψˆ†gν (r1) ψˆ
†
gµ (r2) ψˆgη (r2) ψˆgτ (r1)
〉
{X1,...,XN}
=
∑
j1
∑
j2 6=j1
%(j1,j2)ντ,µη δ (r1 −X1) δ (r2 −X2) , (54)
where %
(j1,j2)
ντ,µη is the internal ground-level pair correlation function determined by the initial many-body wavefunction
before the incident light enters the gas. (To first order in the electric field amplitude, %
(j1,j2)
ντ,µη is invariant up to a
phase rotation caused by any Zeeman splitting of the ground level.) We express the three-atom correlation function
resulting from light scattering from atoms not at r1 or r2 as〈
ψˆ†gν1 (r1) ψˆ
†
gν2 (r2) ψˆ
†
gν3 (r3) ψˆeη3 (r3) ψˆgτ2 (r2) ψˆgτ1 (r1)
〉
{X1,...,XN}
=
∑
(j1,j2,j3)
P(j1,j2;j3)ν1τ1,ν2τ2;ν3η3δ (r1 −X1) δ (r2 −X2) δ (r3 −X3) . (55)
where P(j1,j2;j3)ν1τ1,ν2τ2;ν3η3 is the three-atom internal level cor-
relation function involving ground state Zeeman coher-
ences of atoms j1 and j2 and the dipole amplitude of
atom j3, at the positions X1, X2, and X3, respectively.
The summation is over all permutations of distinct in-
dices (j1, j2, j3) in the set {j = 1 . . . N}.
Here, as before, we assume the atoms are initially, in
the absence of light, in an incoherent mixture of Zeeman
levels. Furthermore, for simplicity, in the following we
will consider an atomic system that does not exhibit cor-
relations in the absence of the incident light, so that we
can write in Eq. (54) the correlation function
%(j1,j2)ντ,µη = f
(j1)
ν f
(j2)
µ δντδµη . (56)
For a specific realization of atomic positions, the two-
atom amplitudes evolve according to [Eq. (B5)][
d
dt
− i (∆¯gµeη + ∆¯gνgτ)+ γ]P(j1;j2)ντ ;µη
= i
ξ
D f
(j1)
ν f
(j2)
µ δντC(σ)µ,η eˆ∗σ ·D+F (Xj2)
+ iξC(σ)β,η eˆ∗σ · G′ (Xj2 −Xj1) eˆςC(ς)τ,ζP(j2;j1)µβ;νζ
+ iξ
∑
j3 /∈{j1,j2}
C(σ)β,η eˆ∗σ · G′ (Xj2 −Xj3) eˆςC(ς),ζP(j1,j2;j3)ντ,µβ;ζ ,
(57)
where repeated indices β, , ζ, σ and ς are summed over.
The first term on the right-hand-side of Eq. (57) repre-
sents driving of the two-atom internal level correlation
function by the incident field. The second term on the
right-hand-side is responsible for the recurrent scatter-
ing processes where an atomic polarization excitation is
repeatedly exchanged between atoms j1 and j2 that are
fixed at the positions Xj1 and Xj2 , respectively. In the
second term we can identify two types of dynamics: (i) re-
current scattering events for which ν = τ and µ = β, indi-
cating that an excitation is exchanged between a ground-
state atom and a polarization; (ii) processes in which one
or both of the following are true: ν 6= τ and µ 6= β.
The case (i) represents classical electrodynamics of
coupled dipoles, and in App. C we show that these pro-
cesses are already incorporated in the multilevel classi-
cal approximation of Eq. (50). The case (ii) describes a
virtual scattering process between atoms j1 and j2. This
virtual scattering term is no longer classical because, even
when the atoms are initially in an incoherent superposi-
tion of Zeeman levels, the photon exchange process can
generate correlations arising from virtual fluctuations be-
tween Zeeman states in one atom and the dipole ampli-
tude of another. Roughly speaking, as the dipole excita-
tion is transferred from one atom to another, the virtual
emission and reabsorption process can leave behind fluc-
tuations between Zeeman levels in the emitting atom that
are correlated with the absorbing atom’s dipole ampli-
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tude. We emphasize, however, that single-atom ground
state populations and coherences, themselves, are unaf-
fected by virtual photon exchanges to first order in the
electric field amplitude.
The last term of Eq. (57) is the driving of a two-atom
internal level correlation function by three-atom inter-
nal level correlation functions that represent the dipole
amplitude of an atom j3 6= j1, j2 and atoms j1 and j2
being in the ground level. In principle, to solve the op-
tical response of the cloud exactly, one would need to
find the dynamics of the three-atom internal level cor-
relation functions. This would, in turn, require one to
solve the dynamics of four-atom internal level correla-
tion functions, and so on. The result is a hierarchy of
equations for the internal states of discrete emitters at
fixed positions. This hierarchy is reminiscent of the full
density-polarization correlation function hierarchy pre-
sented in App. B [7] when the atoms are at fixed positions
{X1, . . . ,XN}.
In App. C we show that if we only consider the case (i)
of Eq. (57), for which ν = τ and µ = β, and the corre-
sponding hierarchy of equations for the internal level cor-
relation functions with only the analogous diagonal terms
P(j1,...,j`−1;j`)ν1ν1,...,ν`−1ν`−1;ν`ζ included, we can solve the entire hier-
archy by the classical electrodynamics simulations of the
previous section. For the `th order correlation functions
we substitute
P(j1,...,j`−1;j`)ν1ν1,...,ν`−1ν`−1;ν`ζ = f (j1)ν1 . . . f (j`)ν` P
(j`)
ν`ζ
. (58)
With this substitution, the entire hierarchy can be re-
duced to the coupled time-dependent equations of multi-
level dipoles [Eq. (47) with Eq. (50)]
d
dt
P(j)µη = (i∆¯gµeη − γ)P(j)µη + i
ξ
D C
(σ)
µ,η eˆ
∗
σ ·D+F (Xj)
+ iξ
∑
l 6=j
C(σ)µ,η eˆ∗σ · G′(Xj −Xl)eˆςC(ς),ζ f (l) P(l)ζ . (59)
However, in order to solve the full quantum response
we also need to include the terms of case (ii) of Eq. (57).
To make such a solution tractable for a system of many
atoms, we can truncate the hierarchy at the level of
two-atom amplitudes. To do this, we approximate
P(j1,j2;j3)ν1τ1,ν2τ2;ν3η3 as a function of one and two atom quanti-
ties. This function is not unique, and the optimal choice
may depend on the particular physical system. For ex-
ample one could write, for an incoherent mixture
P(j1,j2;j3)ν1τ1,ν2τ2;ν3η3 ≈ f (j1)ν1 δν1τ1P(j2;j3)ν2η2;ν3η3 + f (j2)ν2 δν2τ2P(j1;j3)ν1τ1;ν3η3 − f (j1)ν1 f (j2)ν2 δν1τ1δν2τ2P(j3)ν3η3 . (60)
Substituting Eq. (60) into Eq. (57), one finds that
Eq. (57) forms a closed system of equations for P(j1;j2)ντ ;µη .
The solution of these equations, in conjunction with
Eq. (47), gives the optical response for a single realization
of atomic positions {X1, . . . ,XN}. Ensemble averaging
over many realizations yields the optical response of the
gas.
IV. STOCHASTIC ELECTRODYNAMICS
SIMULATIONS OF THE OPTICAL RESPONSE
OF SATURATED ATOMS
The full quantum field-theoretical representation for
the cooperative response of the ensemble of two-level
atoms in the low light intensity limit can be written as a
hierarchy of N equations of motion for correlation func-
tions – with each correlation function involving only a
single excited-state field operator [given by the two-level
equivalent of Eq. (B8)]. Outside of the low light intensity
limit this is no longer possible; an equivalent calculation
requires one to consider equations for all atomic correla-
tion functions. Even in an ensemble of two-level atoms,
one must track all 2n n-body correlation functions for
every n < N ; multiple internal levels further increase
the complexity. Consequently, accounting for saturation
makes the solution of the optical response significantly
more difficult. Fortunately, the classical electrodynamics
simulation techniques used in the previous section can be
extended to include the effects of saturation. When the
excited-state populations are not negligible we explicitly
keep track of the internal level dynamics of the atoms –
and introduce an approximation that is therefore semi-
classical in nature. We also incorporate the light-induced
correlations between the different atoms and different lev-
els that depend on the spatial distribution of the atoms,
but ignore quantum-mechanical fluctuations between the
different levels [by means of factorizing many-body inter-
nal level correlation functions for discrete position real-
izations, in a manner analogous to that of Sec. III B].
We first discuss the simple case of two-level atoms before
generalizing to the full description of multilevel atoms.
A. Two-level atoms
As in the low light intensity case, we seek the solu-
tion of the equations governing the optical response of
two-level atoms in the presence of saturation [Eqs. (26)
and (28)] by deriving equations of motion for the electro-
dynamics of N atoms located at a set of discrete positions
{X1, . . . ,XN}. The procedure removes the spatial corre-
lations in each individual stochastic realization and the
electrodynamics can be solved for a fixed set of atomic
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positions. The solution to the optical response of an
atomic ensemble with distributed atomic positions is then
obtained by means of averaging over many such realiza-
tions; this restores the correct spatial correlations when
the positions in each realization are sampled from an ap-
propriate N -body joint probability distribution function
for the system.
In order to derive the equations of motion for pointlike
scatterers at fixed discrete positions {X1, . . . ,XN} for
individual stochastic realizations, we use a similar math-
ematical procedure as in the low light intensity case of
Sec. III A. We take the expectation values with respect
to the center-of-mass coordinates of the atoms of both
sides of Eqs. (26) and (28) conditioned on the N atoms
being at the positions X1, . . . ,XN , as if the atoms were
in a hypothetical physical system pinned at fixed posi-
tions. However, since here we incorporate the saturation
of the atoms, there also exists additional internal-level
dynamics beyond the spatial positions of the atoms that
can become correlated by the scattered light. The system
therefore no longer resembles the classical electrodynam-
ics of a set of linear harmonic oscillators and the internal
states of different atoms can in principle be nonclassically
correlated. The conditioned expectation values of one-
body operators can be expressed in terms of one-body
internal-level density matrix elements [63]
〈ψˆ†eψˆe〉{X1,...,XN} =
∑
j
ρ(j)ee δ(r−Xj), (61)
〈ψˆ†gψˆg〉{X1,...,XN} =
∑
j
ρ(j)gg δ(r−Xj), (62)
〈Pˆ+(r)〉{X1,...,XN} = Deˆ
∑
j
ρ(j)ge δ(r−Xj) , (63)
where we then require ρ
(j)
ee +ρ
(j)
gg = 1 for the conservation
of the atom population. In Eq. (63) we have explicitly
written the fixed orientation eˆ of the atomic dipoles for
two-level atoms. The two-body density-polarization cor-
relations from Eqs. (26) and (28) for a single realization
can similarly be represented by two-body internal-level
density matrix elements
〈ψˆ†a(r)ψˆ†b(r′)ψˆc(r′)ψˆd(r)〉{X1,...,XN}
=
N∑
j,l=1
j 6=l
ρ
(j,l)
ad;bcδ(r−Xj)δ(r′ −Xl) . (64)
The matrix elements ρ
(j,l)
ad;bc (a, b, c, d = g, e) represent in-
ternal level pair correlations between atoms at the fixed
points Xj and Xl. While, in the limit of low light inten-
sity, only correlations involving at most one excited state
operator were non-negligible, at arbitrary intensities we
must include all 16 possible internal level pair correla-
tions. Coupled equations of motion for such pair corre-
lations can be obtained, following the method we ear-
lier used to obtain Eq. (57), which depend in turn upon
three-body internal level correlations, and so on. To de-
velop a computationally efficient numerical method, we
introduce a semiclassical approximation for the internal
level pair correlations in a single realization of discrete
atomic positions by factorizing them between different
atoms, analogously to the approximation introduced in
Sec. III B. For example, we take
ρ(j,l)gg;ge ' ρ(j)gg ρ(l)ge . (65)
In fact, we made an analogous substitution earlier, in
Sec. III A, for two-level atoms in the limit of low light
intensity (or indeed, any atoms with a single electronic
ground level). In that limit, it was shown in Ref. [10]
and in App. B that the subsequent averaging over an en-
semble of many such discrete positions realizations repro-
duces the dynamics of the full quantum field-theoretical
representation of the correlation functions that govern
the optical response. Within statistical accuracy, the
stochastic electrodynamics simulations therefore give the
exact optical response for an ensemble of stationary two-
level atoms in this limit. However, the argument of
App. B relies on the linearity of the the model of cou-
pled linear oscillators that results for each realization.
In contrast, in the saturated case the dynamics inher-
ently involves the excited level and therefore constitutes
a multilevel system. This semiclassical approximation
stems from an analogous substitution to that which led
to the classical approximation of the pair correlations
for atoms with multiple ground levels in the low inten-
sity case [Sec. III B]. Analogously to the multilevel low
light intensity case, the scattered light may induce non-
classical correlations between the internal levels of dif-
ferent atoms that no longer can be captured by classical
stochastic sampling and the electrodynamics of one-body
operators, such as ρ
(j)
ge , by the factorization approxima-
tion Eq. (65). Specifically in this case, the nonlinear sat-
uration at higher intensities prevents a similar solution to
that of the low light intensity two-level case, and indeed
the factorization of two-body internal level correlations
introduces a semiclassical approximation.[64] In essence,
we neglect internal state correlations between atoms in a
single realization for quantities similar to 〈Pˆ+(r)Pˆ−(r′)〉,
and averaging over many realizations does not fully re-
store all the correlations. Terms like 〈Pˆ+(r)Pˆ−(r′)〉 can
exhibit nonclassical correlations between the atoms that
are excluded in our stochastic treatment. Nonclassical
saturation phenomena in analogous correlation functions
are familiar from inelastic scattering in the resonance flu-
orescence of a single atom and, e.g., in the formation
of the Mollow triplet [65]. In principle, one might im-
prove on this semiclassical approximation by accounting
for nonclassical pair correlations by considering the equa-
tions of motion for ρ
(j,l)
ad;bc in a manner akin to that de-
scribed in Sec. III B 1.
Under this factorization approximation, the expecta-
tion values of Eqs. (26) and (28) for a given set of fixed
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positions X1, . . . ,XN of point scatterers then lead to
d
dt
ρ(j)ge = (i∆¯− γ)ρ(j)ge − i
ξ
D
(
2ρ(j)ee − 1
)
eˆ∗ ·D+F (Xj)
− iξ
(
2ρ(j)ee − 1
)∑
l 6=j
eˆ∗ · G′(Xj −Xl)eˆρ(l)ge , (66)
d
dt
ρ(j)ee = −2γρ(j)ee +
2ξ
D Im
[
eˆ ·D−F (Xj)ρ(j)ge
]
+ 2ξIm
∑
l 6=j
ρ(j)ge eˆ · G′∗(Xj −Xl)eˆ∗ρ(l)eg
 , (67)
where we have made use of ρ
(j)
ee + ρ
(j)
gg = 1 to eliminate
ρ
(j)
gg from Eqs. (66) and (67). Once again, we have as-
sumed the driving field to be in a coherent state, and so
under expectation values the operators Dˆ
±
F give rise to
multiplicative classical coherent fields D±F . This set of
2N nonlinear equations can then be solved for the op-
tical response of a single realization of point scatterers.
As in the low light intensity limit, the equations have an
intuitive form. For a pointlike two-level atom at position
Xj , with ground and excited state amplitudes ρ
(j)
gg and
ρ
(j)
ee , respectively, Eq. (66) gives the optical response to
the sum of the driving field D+F and fields scattered from
each of the other atoms DG′(Xi−Xj)eˆρ(l)ge . The stochas-
tic simulation of the total response of the system proceeds
as in Sec. III A. A set of atomic positions {X1, . . . ,XN} is
chosen randomly from the N -body probability distribu-
tion function, which we assume to be known. The above
closed set of nonlinear equations can then be solved nu-
merically, and ensemble averaging over many such real-
izations generates quantities 〈ψˆ†e(r)ψˆe(r)〉, 〈ψˆ†g(r)ψˆg(r)〉,
and 〈Pˆ+(r)〉, detailing the cooperative response of the
system. In addition to the N -body probability distribu-
tion function, the nonlinear nature of the system means
that the initial values of ρ
(j)
ee as well as ρ
(j)
ge are required,
although in the common experimental situation of re-
sponse to a probe pulse the initial state in the absence of
a driving field is trivially ρ
(j)
ge = ρ
(j)
ee = 0.
B. Multilevel atoms
Realistic experimental situations frequently involve
several internal atomic levels that participate in opti-
cal probing. In the low light intensity case we general-
ized the two-level system for the case of multilevel atoms
(Sec. III B). In the saturated case we can proceed in the
same way and generalize the saturated two-level case of
the previous section to a multilevel formalism. In con-
trast to the low intensity case of Sec. III B, at higher
intensities the light may drive dynamics between the rel-
ative populations of different internal levels, complicating
the analysis. Generalizing the earlier decomposition for
a single realization of point scatterers, and to account for
the dynamics of level populations, we write
〈ψˆ†aνψˆbη〉{X1,...,XN} =
∑
j
ρ
(j)
aνbηδ(r−Xj) , (68)
where a, b = e, g. Taking expectation values of Eqs. (24)
for a given realization of discrete atomic positions now
leads to the equations for the response
d
dt
ρ(j)gνeη = (i∆¯gνeη − γ)ρ(j)gνeη
+ i
ξ
D2 ρ
(j)
gνgτdeηgτ ·D+F (Xj)
− i ξD2 ρ
(j)
eτeηdeτgν ·D+F (Xj)
+ i
ξ
D2
∑
l 6=j
deηgτ · G′(Xj −Xl)dgµeζρ(l)gµeζρ(j)gνgτ
− i ξD2
∑
l 6=j
deτgν · G′(Xj −Xl)dgµeζρ(l)gµeζρ(j)eτeη ,
(69a)
d
dt
ρ(j)gνgη = i∆¯gνgηρ
(j)
gνgη + 2γC(σ)η,(η+σ)C(σ)ν,(ν+σ)ρ(j)e(ν+σ)e(η+σ)
− i ξD2 ρ
(j)
eτgηdeτgν ·D+F (Xj)
+ i
ξ
D2 ρ
(j)
gνeτdgηeτ ·D−F (Xj)
− i ξD2
∑
l 6=j
deτgν · G′(Xj −Xl)dgµeζρ(l)gµeζρ(j)eτgη
+ i
ξ
D2
∑
l 6=j
dgηeτ · G′∗(Xj −Xl)deζgµρ(l)eζgµρ(j)gνeτ ,
(69b)
d
dt
ρ(j)eνeη = (i∆¯eνeη − 2γ)ρ(j)eνeη
+ i
ξ
D2 ρ
(j)
eνgτdeηgτ ·D+F (Xj)
− i ξD2 ρ
(j)
gτeηdgτeν ·D−F (Xj)
− i ξD2
∑
l 6=j
dgτeν · G′∗(Xj −Xl)deζgµρ(l)eζgµρ(j)gτeη
+ i
ξ
D2
∑
l 6=j
deηgτ · G′(Xj −Xl)dgµeζρ(l)gµeζρ(j)eνgτ ,
(69c)
where the repeated indices τ, ζ, µ, σ are implicitly
summed over, and ∆¯aνbη = ∆bη − ∆aν . In the case of
a conserved total atom population, one of the equations
can be eliminated by the relation
∑
ν ρ
(j)
gνgν +
∑
η ρ
(j)
eηeη =
1. As in the two-level case, we have introduced a semi-
classical approximation to factorize internal level two-
body correlation functions in the manner of Eq. (65).
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Due to this approximation, as discussed in the two-level
case of the previous section, the ensemble average of
many single realizations does not reproduce the nonclas-
sical correlations in the system. To facilitate comparison
with the low light intensity results of Sec. III B, we note
that the induced electric dipole of atom j for the optical
transition |g, ν〉 → |e, η〉 is dgνeηρ(j)gνeη, which corresponds
to the quantity Deˆη−νC(η−ν)ν,η f (j)ν P(j)νη in the notation of
Sec. III B.
The result is a set of coupled equations (69) for inter-
nal level one-body density matrix elements ρ
(j)
aνbη, for each
atom j = 1, . . . , N . We stochastically sample the set of
discrete atomic coordinates {X1, . . . ,XN} from the N -
body density distribution function. For each realization
we then solve the semiclassical electrodynamics equations
of motion (69) for ρ
(j)
aνbη. Averaging over many such real-
izations allows the expectation values of desired observ-
ables to be computed. The nonlinear nature of the equa-
tions means that the initial values of ρ
(j)
aνbη are required
that may, e.g., include nonvanishing initial coherences.
V. NUMERICAL EXAMPLE – ATOMS IN A
PERIODIC 2D LATTICE
In this section, we provide an example of the stochastic
simulation techniques described in this paper by studying
a Mott-insulator state of atoms confined in a 2D optical
lattice that is subjected to incident low-light-intensity
excitation. This system has previously been considered
in Ref. [17]. We analyze here in detail the phenomena
that are most closely related to the present work. We also
extend the results of Ref. [17] to calculate the collective
excitation eigenmode distributions of the atoms.
We show that the atoms even in a 2D lattice geometry
can respond cooperatively when the scattered light me-
diates strong dipole-dipole interactions between atoms.
We find that the optical excitations of the atoms to reso-
nant light are collective and cannot be described by single
atom excitation properties. The optical response is then
governed by the distinct responses of the various collec-
tive modes to the incident field rather than simply the
sum of independent atoms. The most subradiant of the
collective excitation eigenmodes exhibits radiative reso-
nance linewidths that are dramatically narrowed. Fur-
thermore, the narrowing exhibits a strong dependence on
the light-induced interaction strength between the atoms
and is more sensitive to the spatial separation of the lat-
tice sites than to the lattice site confinement. The op-
tical response example for a phase-modulated incident
field demonstrates how light-induced correlation effects
can be employed for engineering optical excitations on
a subwavelength scale [17]. These correspond to electro-
magnetic energy hot-spots whose widths beat the diffrac-
tion limit in an analogy to similar examples in solid-state
circuit resonator systems [66].
A. Mott-insulator state of atoms in a lattice
One of the central experimental developments in char-
acterizing strongly interacting phases of ultracold atoms
in optical lattices is the ability to manipulate and image
atomic spins in individual lattice sites by lasers [67–69].
In this section, we use the classical electrodynamics sim-
ulations of point dipoles of Sec. III A to study the optical
response of a Mott-insulator state of atoms confined in a
2D optical lattice. For simplicity, we consider two-level
atoms when there is precisely one atom per lattice site.
Single-atom site-occupancy can be realized, for example,
by cooling bosonic atoms to the typical ‘wedding-cake’
Mott-insulator ground state of an optical lattice super-
posed on a weak harmonic trap, and manipulating the
sites with excess occupancy [69].
We consider an Nx × Ny 2D square optical lattice
with lattice spacing a and sites labeled by index i =
1, . . . , N (N = NxNy), centered on positions Ri in the
xy plane. Each site has a potential depth sER, where
ER = pi
2~2/(2ma2) is the lattice-photon recoil energy
[70]. The lattice sites are sufficiently deep that the op-
tical lattice potential around Ri is well approximated
by a harmonic oscillator with vibrational frequency ω =
2
√
sER/~. Each occupied site i contains a single atom
in the vibrational ground state which is described by the
Wannier function φi(r) ≡ φ(r − Ri), where φ(r) is ap-
proximately the ground state of the harmonic oscillator
potential
φ(r) ' 1
(pi3`2x`
2
y`
2
z)
1/4
exp
(
− x
2
2`2x
− y
2
2`2y
− z
2
2`2z
)
. (70)
The widths of the wavefunction in the lattice are `x =
`y = ` = as
−1/4/pi, and we have assumed an additional
oblate external potential confines the atoms in a region
around the z = 0 plane with thickness `z. For simplicity
in the following examples, we assume `z  `, and ne-
glect fluctuations of atomic position in the z direction.
The atom density, ρi(r) ≡ |φi(r)|2, at site i thus has a
Gaussian profile with a 1/e radius ` in the xy plane. This
radius is directly proportional to the lattice spacing and
narrows with increased trapping strength s.
B. Light-atom interactions
In the low light intensity limit, the atoms behave as
harmonic oscillators, as described in Sec. III. Here we as-
sume the atoms in each site have a two-level structure
with ground state |g〉, excited state |e〉, and all other lev-
els shifted out of resonance as described in Sec. III A. The
orientation eˆ ≈ eˆz+0.1eˆy of the atomic dipole transition
is rotated slightly from the normal to the lattice, and the
dipole amplitude of atom j is governed by the oscillator
variable P(j). The fields emitted from each atom drive
oscillations in the others, and mediate interactions that
produce the cooperative optical response. The dynamics
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are governed by Eq. (42), which can be expressed in the
form
d
dt
P(j) =
N∑
l=1
Mj,lP(l) + F (j) , (71)
where the matrix M accounts for the single atom decay,
atomic level shifts, and the light-mediated interactions
between different atoms. The driving caused by the inci-
dent field is represented by F (j). Each eigenvector of M
corresponds to a collective mode whose collective shift δc
and decay rate Γ are determined by the mode’s eigen-
value; Υ = −Γ− iδc [16, 17].
C. Sampling of atomic positions
The stochastic realizations of atomic positions
{X1,X2, . . . ,XN} are sampled from the joint probability
distribution determined by the many-body wave func-
tion P (r1, . . . , rN ) = |Ψ(r1, . . . , rN )|2 [see Eq. (B12)].
We consider the limit where the mode functions for dis-
tinct lattice sites i1 and i2 have negligible overlap, i.e.,
φi1(r)φi2(r) ' 0 for all r. In this limit, the absolute
square of the symmetrized many-body bosonic wave func-
tion is
|Ψ(r1, . . . , rN )|2 ' 1
N !
∑
i1...iN
|φi1(r1)|2 . . . |φiN (rN )|2 .
(72)
where the summation runs over N -tuples (i1, . . . , iN ) cor-
responding to all permutations of sites i = 1, . . . , N con-
taining an atom. Rather than sampling the positions of
atoms rj labeled by index j (which could be in any oc-
cupied site i), one can equivalently sample the positions
r¯i of the atom in occupied site i (which could correspond
to an atom labeled by any index j) from the joint prob-
ability distribution P¯ (r¯1, . . . , r¯N ). Since the many-body
correlation function P is invariant under permutation of
atomic positions, the joint probability distribution for
atomic positions within particular lattice sites is
P¯ (r¯1, . . . , r¯N ) =
∑
i1,...,iN
P (r¯i1 , . . . , r¯iN )
= |φ1(r¯1)|2 . . . |φN (r¯N )|2 . (73)
Here, again, the N -tuples (i1, . . . , iN ) are summed over
all permutations of sites i = 1, . . . , N , and we have taken
advantage of the fact that, since atoms are well-localized
within their respective sites, |φi1(r¯i2)|2 is only nonzero
when i1 = i2. For each stochastic realization, we can
thus treat the positions of atoms within each site as in-
dependent Gaussian random variables with mean Ri and
variance `2/2 in the xy plane.
D. Collective excitation eigenmodes
To characterize the cooperative properties of the sys-
tem, we calculate its collective excitation eigenmodes for
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FIG. 1. The probability distribution (normalized to one) of
the logarithm of collective decay rates for two-level atoms in
an optical lattice with dipole orientations eˆ ≈ eˆz + 0.1eˆy.
The lattice spacing is a = 0.55λ (a,b,d), while the lattice is
only partially populated for panel c with an effective lattice
spacing a′ = 3a. The widths of the Wannier functions are
` = 0 (a), ` = 0.12a (b,c) and ` = 0.21a (d).
many thousands of stochastic realizations of atomic po-
sitions. Each eigenmode is associated with a collective
decay rate and we obtain a distribution of collective de-
cay rates supported by the optical lattice. Specifically, if
one were to choose a realization of atomic positions ac-
cording to Eq. (73) and, given those positions, randomly
select a collective mode of excitation with collective de-
cay rate Γ, the probability density of obtaining a par-
ticular value of log10(Γ/γ) corresponds to the densities
shown in Fig. 1. Specifically, Figs. 1(a,b,d) show the dis-
tribution for a 32×32 optical lattice with lattice spacing
a = 0.55λ. When the lattice is infinitely deep (Fig. 1a),
the atoms are perfectly confined at the bottom of the lat-
tice sites, and collective decay rates range from the very
subradiant 4.7 × 10−4γ to the superradiant 6.5γ. The
fluctuations in atomic positions when ` ' 0.12a (Fig. 1b),
associated with lattice depth of s = 50, narrow the dis-
tribution of collective decay rates, which range between
0.017γ and 6.3γ. The relatively shallow lattice with s = 5
(` ' 0.21a) (Fig. 1d) largely preserves the distribution of
decay rates calculated for a depth s = 50. Weakening
the confinement strength from s = 50 to s = 5 reduces
the density of subradiant modes with decay rates below
about 0.1γ. However, the weakly confined lattice still
permits strongly subradiant modes. For the realizations
of atomic positions we sampled in the shallow (s = 5) lat-
tice, decay rates range from 3.5×10−3γ to 5.9γ. The dis-
tributions spanning several orders of magnitude indicate
the atoms in the lattice can exhibit strong light-induced
correlations.
On the other hand, reducing the density of the atoms
has a more deleterious effect on the width of the distri-
bution of collective decay rates than reducing the tight-
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ness of confinement. Figure 1c shows the distribution
of collective decay rates in a lattice in which only ev-
ery third lattice site along the x or y directions is oc-
cupied. In effect, the lattice spacing is widened to
a′ = 3a = 1.65λ. Where the lattice with subwavelength
spacing exhibited subradiant collective decay rates sup-
pressed by more than 3 orders of magnitude, the decay
rates in the sparsely populated lattice range from 0.55γ
to 2.6γ. When the atom density drops, light-induced
correlations are weakened.
E. Response to incident light
Next we compute the response of the lattice to a phase-
modulated incident field [17]. Specifically, we consider
an 18 × 18 lattice (a = 0.55λ) with s = 50. For each
realization of atomic positions, we compute the atomic
dipole amplitudes P(i) in each site i from the steady-
state solution of Eq. (71). The external field drives each
atom with equal amplitude but with a phase ϕ that varies
with the x and y coordinates of the atomic positions as
ϕ(x, y) ≈ pi
2
sin
(
2pi
x
Λa
)
sin
(
2pi
y
Λa
)
. (74)
The incident field is only approximately represented by
a field with constant amplitude and sinusoidally modu-
lated phase because such a phase-modulation would in-
volve evanescent waves – a more accurate representation
may be obtained by a truncated superposition of plane
waves as discussed in Ref. [17]. Figure 2a shows the re-
sponse of a system, in which each lattice site contains
one atom, to such a field tuned to the single-atom reso-
nance. The modulation has a period of six lattice sites
(Λ = 6). As a consequence of cooperative interactions,
the phase modulated driving excites a superposition of
collective modes generating a checkerboard pattern of the
average excitation intensities 〈|P(i)|2〉 in which an atom
at every sixth lattice site along each direction is strongly
excited. The widths (full width at half maximum) of the
excitations are less than the wavelength 0.9λ. This is
significantly narrower than the period of the phase varia-
tion in the incident field, indicating that the localization
length scale results from the interatomic interactions of
the closely-spaced atoms. When the effective lattice spac-
ing is tripled to a′ = 3a as discussed above, however, the
light-induced correlations are weakened. A modulation
with a comparable period of 6a′ (Λ = 18) results in uni-
form excitation of sites inside the lattice, with atoms at
the edge being strongly excited due to boundary effects,
as shown in Fig. 2. The lattice spacing that produces a
wide distribution of collective decay rates (as in Fig. 1b)
results in strong light-induced correlations between the
atoms in Fig. 2a, while the lattice with a narrow distri-
bution (as in Fig. 1b) does not show similar behavior.
FIG. 2. The atomic dipole intensities 〈|P(i)|2〉/maxi′〈|P(i′)|2〉
in lattice sites i. Panel (a) shows strong light-induced corre-
lations between the atoms in a lattice with spacing a = 0.55λ
and depth s = 50 to a phase-modulated driving [Eq. (74)] with
the modulation period 6a. Panel (b) illustrates the absence
of cooperative response to a driving with modulation period
6a′ when only every third lattice site along each direction is
occupied, giving an effective spacing of a′ = 3a.
VI. CONCLUDING REMARKS
We have derived stochastic simulation techniques for
the electrodynamics of atomic ensembles that scale favor-
ably with atom number and are suitable also for dense
atomic gases and for light that is close to the atomic
resonance frequency. We first formulated quantum field-
theoretical equations of motion describing the optical re-
sponse [Eqs. (24)] that systematically include the atomic
saturation effects and the internal level structure. In or-
der to solve the resultant dynamics, we then introduced
a simple procedure to derive stochastic electrodynamics
equations that can be used to study recurrent, or de-
pendent, scattering between the atoms in the presence
of strong light-atom coupling. In the low light inten-
sity limit, stochastically sampling the positions of atoms
from the appropriate N -body density distribution func-
tion leads to a model of classical coupled linear harmonic
oscillators. The solution of this model, and subsequent
averaging over a large number of realizations, generates
results for the optical response of the atomic ensemble.
The solution for coherently scattered light is exact for sta-
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tionary atoms possessing only a single electronic ground
level, since the averaged results reproduce the correct
dynamics for the many-body polarization density corre-
lation functions to all orders, as shown in App. B. We
have extended this technique to deal with atoms with
multiple ground levels, and situations where saturation
effects are important.
In deriving our stochastic classical electrodynamics
simulations, we have first removed the spatial dependence
from many-body correlation functions by considering hy-
pothetical cases of fixed atomic positions, sampling those
positions from the N -body joint probability distribution.
Averaging over many realizations later restores the spa-
tial aspect of the correlations, incorporating recurrent
scattering processes in the atomic response. For a sin-
gle realization, the remaining many-body correlations are
between internal levels. To obtain numerically efficient
simulations we have factorized such internal-level corre-
lations. In general, this factorization can neglect some
many-body internal-level quantum correlations, and is
therefore only approximately valid. The exception to
this is the case of atoms with a single ground level in the
limit of low light intensity, where the stochastic simula-
tions give the exact response for the coherent scattering
of light from an ensemble of stationary atoms. Physically,
this stems from the fact that there are no dynamics of
the excited populations (due to low intensity) and there
are no other ground levels involved in the optical transi-
tions that could become correlated. Therefore, for such
a system the excitation of each atom can be described
by a linear polarisation amplitude, with no additional
internal-level dynamics possible. The dynamics is equal
to that of a coupled system of charged classical linear
harmonic oscillators and light, the system modeled by
the stochastic electrodynamics simulations in this limit
[Eq. (36)].
In contrast, for atoms with multiple electronic ground
levels, and/or in the presence of saturation, the factor-
ization of pair correlations provides a technique that re-
mains efficient and scales favorably with atom number,
but at a cost of neglecting some quantum internal-level
many-body correlations. We emphasize that in such situ-
ations, while some internal-level pair correlations are not
exactly reproduced, the ensemble averaging over many
stochastic realizations still incorporates recurrent scat-
tering into the results of the stochastic simulations (and,
for example, for the case of the low light intensity limit
multilevel system, the classical simulation approximation
correctly predicts the expectation values of the different
ground-state populations). We have additionally shown
how one can improve on the approximate methods ob-
tained by this factorization by considering the dynamics
of the internal-level pair correlations, at a cost of a more
complicated numerical system of equations.
Light-induced correlation phenomena in wave propaga-
tion are strongly enhanced in cold homogeneously broad-
ened samples. Consequently, the stochastic simulations
techniques that incorporate recurrent scattering events
between closely-spaced atoms are most suitable in the
systems where the inhomogeneous broadening (e.g., due
to Doppler shifts) does not significantly exceed the radia-
tive linewidth of the atoms. In this limit the inhomoge-
neous broadening has been shown to suppress the light-
induced correlations [21], resulting in an optical response
that is more closely reminiscent of that of a standard
continuous medium electrodynamics.
The stochastic simulation methods replace the difficult
problem of deriving, and solving, many coupled equations
of motion for up to N -body correlations with a stochas-
tic approach that relies on sampling atomic positions.
If the atoms are initially uncorrelated before the light
enters the medium, the position of each atom becomes
an independent random variable that is sampled from
the atom density distribution. In the presence of non-
trivial position correlations for the atoms the sampling
from the correct many-body density operator for the sys-
tem can become challenging. An ensemble of stochastic
atomic positions must be synthesized which generates the
corresponding physical position correlations between the
atoms. While we have here investigated a relatively sim-
ple case of a Mott-insulator state in an optical lattice
(Sec. V), systems with more complicated density corre-
lation functions, for example Fermi-Dirac statistics, can
also be sampled by Monte-Carlo simulation methods [10].
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Appendix A: Evaluation of the atom-light
commutators
Here we demonstrate the calculation of the commu-
tators between the atomic field operators and the free
electric displacement. Consider [Dˆ
+
F (r), ψˆgν(r
′)] . The
total electric displacement Dˆ
+
(r) = Dˆ
+
F (r) + Dˆ
+
S (r) is
a canonical momentum of the light field and commutes
with the atomic field operators. Hence
[Dˆ
+
F (r), ψˆgν(r
′)] =− [Dˆ+S (r), ψˆgν(r′)]
=−
∫
d3r′G(r− r′′)[Pˆ+(r′′), ψˆgν(r′)]
− [Pˆ+(r), ψˆgν(r′)] . (A1)
Applying then the standard commutation relations, such
as
[ψˆgτ (r), ψˆ
†
gν(r
′)] = δ(r− r′)δτ,ν , (A2)
yields the result of Eq. (18).
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Appendix B: Monte-Carlo evaluation of correlation
functions in the low light intensity limit
By treating atoms and light as quantum fields through-
out the analysis, it was shown in Ref. [7] that a coop-
erative coupling between atoms and light leads to cou-
pled equations of motion between correlation functions
of atomic density and polarization. In the limit of low
light intensity the resulting hierarchy of equations rep-
resents strong light-mediated correlations that become
important at low temperatures and in dense samples–
on the other hand, for inhomogeneously broadened hot
atoms the standard mean-field theory of continuous ef-
fective medium electrodynamics can be restored [21]. It
was shown in Ref. [10] for a simplified 1D scalar electro-
dynamics how stochastically sampling atomic positions,
calculating the collective response for atoms at fixed po-
sitions, and averaging over those stochastic realizations,
reproduces the dynamics described by these correlation
functions. In this Appendix, we extend the quantum
field-theoretical representation that is expressed in terms
of the hierarchy of correlation functions [7] to the general
case of atoms with multiple electronic ground levels. We
then briefly generalize the treatment of Ref. [10] to the
3D electrodynamics including the full vector properties
of the electromagnetic fields for the special case of atoms
with the J = 0→ J ′ = 1 transition, corresponding to an
isotropic susceptibility. The analysis is similar to other
atomic level systems that have only a single electronic
ground state, and shows how the coupled dynamics of
correlation functions in the presence of a single electronic
ground level is reproduced by the classical electrodynam-
ics simulations.
We begin by considering the hierarchy of correlation
functions. In the low light-intensity limit, the equation
of motion for polarization simplifies to [Eq. (29)]
d
dt
Pˆ
+
νη = (i∆¯gνeη − γ)Pˆ
+
νη + iξψˆ
†
gνψˆgτP
νη
ητDˆ
+
F
+ iξ
∫
d3r′ PνηητG
′(r− r′) ψˆ†gνPˆ
+
(r′)ψˆgτ . (B1)
To determine the average scattered fields in the low light
intensity limit, it is necessary to find the average polariza-
tion within the atomic ensemble. Taking the expectation
value of Eq. (B1), however, one finds that the dynamics of
the polarization depend, not simply on the polarization
density in the ensemble, but on a two-body correlation
function 〈ψˆ†gν(r)Pˆ
+
(r′)ψˆgτ (r)〉. It was shown in Ref. [7]
that in the low light intensity limit, in order to solve
the second-order correlation function, one has to further
find the dynamics of a third-order correlation function;
a third-order correlation function requires a fourth-order
correlation function, and so on. The result is a hierarchy
of dynamic equations of motion for the `th order correla-
tion functions
ρν1τ1,...,ν`τ`` (r1, . . . , r`) ≡
〈
ψˆ†gν1 (r1) . . . ψˆ
†
gν`
(r`) ψˆgτ` (r`) . . . ψˆgτ1 (r1)
〉
, (B2)
P
ν1τ1,...,ν`−1τ`−1;ν`η`
` (r1, . . . , r`−1; r`) ≡
〈
ψˆ†gν1 (r1) . . . ψˆ
†
gν`−1 (r`−1) ψˆ
†
gν`
(r`) ψˆeη` (r`) ψˆgτ`−1 (r`−1) . . . ψˆgτ1 (r1)
〉
.
(B3)
The quantum-mechanical ground-level many-body correlation function ρν1τ1,...,ν`τ`` (r1, . . . , r`) represents the spatial
correlations in the absence of incident light. These correlation functions are constants of motion in the low light
intensity limit, and zero magnetic field. The presence of a constant magnetic field induces a phase-rotation owing to
Zeeman splitting. Specifically,
d
dt
ρν1τ1,...,ν`τ`` (r1, . . . , r`) = i
[∑`
k=1
∆¯gνkgτk
]
ρν1τ1,...,ν`τ`` (r1, . . . , r`) . (B4)
To calculate the optical response of the system to the lowest order in the electric field amplitude, we follow the
evolution of the `-atom correlation function P
ν1τ1,...,ν`−1τ`−1;ν`η`
` (r1, . . . , r`−1; r`) for the ground-level atoms and/or
ground-level coherences at positions r1, . . . , r`−1, given there is a polarization at position r`. These correlation
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functions satisfy the equations of motion (` = 1, . . . , N){
d
dt
− i
[
∆¯gν`eη` +
`−1∑
k=1
∆¯gνkgτk
]
+ γ
}
P
ν1τ1,...,ν`−1τ`−1;ν`η`
` (r1, . . . , r`−1; r`) =
i
ξ
Dρ
ν1τ1,...,ν`−1τ`−1,ν`τ
` (r1, . . . , r`) C(σ)τ,η` eˆ∗σ ·D+F (r`)
+ iξ
`−1∑
k=1
C(σ)τ,η` eˆ∗σ · G′ (r` − rk) eˆςC(ς)τk,η
× P ν1τ1,...,νk−1τk−1,ν`τ,νk+1τk+1,...,ν`−1τ`−1;νkη` (r1, . . . , rk−1, r`, rk+1, . . . , r`−1; rk)
+ iξ
∫
d3r`+1 C(σ)τ,η` eˆ∗σ · G′ (r` − r`+1) eˆςC(ς)ν,ηP ν1τ1,...,ν`τ ;νη`+1 (r1, . . . , r`; r`+1) , (B5)
where repeated indices ν, τ , η, σ, and ς are summed over.
Our primary goal in this Appendix is to show that the hierarchy of equations (B5) can be solved exactly (within
the statistical accuracy) by classical electrodynamics simulations for the case of a single electronic ground level. (Here
we specifically consider the J = 0 → J ′ = 1 transition.) These classical simulations account for light-mediated
interactions and recurrent (or dependent) scattering between the atoms to all orders. For atoms with an isotropic
susceptibility with the J = 0→ J ′ = 1 transition, we define the correlation functions
P`(r1, . . . , r`−1; r`) ≡ DeˆσP 00,...,00;0σ` (r1, . . . , rN ) , (B6)
ρ`(r1, . . . , r`) ≡ ρ00,...,00` (r1, . . . , r`) , (B7)
where the repeated index σ is summed over. In this simplified case, the many-body ground-level correlation functions
are constants of motion, and P` satisfies the equations of motion
P˙`(r1, . . . , r`−1; r`) = (i∆¯− γ)P`(r1, . . . , r`−1; r`) + iξρ`(r1, . . . , r`)D+F (r`)
+ iξ
`−1∑
k=1
G′(r` − rk)P`(r1, . . . , rk−1, r`, rk+1, . . . , r`−1; rk) + iξ
∫
d3r`+1G
′(r` − r`+1)P`+1(r1, . . . , r`; r`+1) . (B8)
Here P`(r1, . . . , r`−1; r`) is a correlation function for the ground-state atomic positions at r1, . . . , r`−1, given that
there is a polarization at r`. The corresponding hierarchy for equations of motion governing two-level atoms can be
found from Eq. (B8) by making the replacement P` → eˆP`.
In the limit of low light intensity ρ` are not affected by the excitations and are constants of the motion. The
ground-state correlations are related to the many-body wave function of the atoms by
ρ`(r1, . . . , r`) =
N !
(N − l)!
∫
d3r`+1 . . . d
3rN |Ψ(r1, . . . , rN )|2 . (B9)
For a classical (initially uncorrelated ensemble) or, e.g., a Bose-Einstein condensate, we simply have
ρ`(r1, . . . , r`) = Nρ1(r1) . . . ρ1(r`) , (B10)
where N is a normalisation factor.
We introduce an ensemble of classical dipoles at fixed positions Xj for j = 1, . . . , N . The individual atomic dipole
amplitudes P(j) then interact via the scattered electromagnetic field and evolve according to Eq. (36),
d
dt
P(j) = (i∆¯− γ)P(j) + i ξD D
+
F (Xj) + iξ
∑
l 6=j
G′(Xj −Xl)P(l) . (B11)
By means of treating the atomic positions {X1, . . . ,XN} as random variables that satisfy an appropriately chosen
joint probability distribution P (r1, . . . , rN ), we can construct an ensemble-averaged solution that reproduces dynamics
equivalent to the hierarchy of equations of motion (B8). In practise, we solve the coupled equations for the light and
atomic dipoles for each stochastic realization of a fixed set of positions and ensemble average the quantities of interest
over many such realizations.
We take the joint probability distribution of the positions of the atomic dipoles to be the absolute square of the
quantum many-body wave function of the ground-state atoms
P (r1, . . . , rN ) = |Ψ(r1, . . . , rN )|2 . (B12)
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With this choice, we may now introduce classical ground-state position correlation functions ρ˜`(r1, . . . , r`) for the
atoms that coincide with the normally-ordered quantum-mechanical position correlation functions ρ`(r1, . . . , r`).
Specifically,
ρ˜`(r1, . . . , r`) ≡
〈 ∑
j1,...,j`
′ δ(r1 −Xj1) . . . δ(r` −Xj`)
〉
, (B13)
=
∑
j1,...,j`
′
∫
d3X1 . . . d
3XN P (X1, . . . ,XN )δ(r1 −Xj1) . . . δ(r` −Xj`)
=
N !
(N − `)!
∫
d3r`+1 . . . d
3rN P (r1, . . . , rN ) . (B14)
The prime in the summation indicates that those terms in which any of j1, . . . , j` refer to the same atom are excluded.
In the last line we used the fact that the primed summations over the `-tuples j1, . . . , j` include all N !/(N − `)!
permutations of ` indices from the set of N atomic indices {j = 1, . . . , N}. We can therefore in principle simulate the
quantum-mechanical position correlations ρ`(r1, . . . , r`) by stochastic sampling of the positions of classical dipoles in
the hierarchy of equations (B8). In order to show that the hierarchy can be solved by integrating Eq. (B11) for each
individual stochastic realization and subsequently ensemble-averaging the results, we proceed as follows. We consider
an ensemble of atoms at fixed positions Xj for j = 1, . . . , N , multiply the terms in Eq. (B11) by products of delta
functions, and sum over the atomic positions to obtain(
d
dt
+ γ − i∆¯
)
D
∑
j1,...,j`
′δ(r1 −Xj1) . . . δ(r` −Xj`)P(j`) = iξ
∑
j1,...,j`
′δ(r1 −Xj1) . . . δ(r` −Xj`)D+F (r`)
+ iξ
∑
j1,...,j`
′ ∑
jm 6=j`
δ(r1 −Xj1) . . . δ(r` −Xj`)DG′(r` −Xjm)P(jm) . (B15)
There are two types of terms contained in the summation over jm in the last line of Eq. (B15). Either jm corresponds
to an index of one of the atoms in the `-tuples (j1, . . . , j`) that do not reside at r` (i.e., jm ∈ {j1, . . . , j`−1}), or it
does not. Accounting for each type of term separately and taking the expectation value, we find that the last line of
Eq. (B15) becomes
iξ
〈 ∑
j1,...,j`
′ ∑
jm 6=j`
δ(r1 −Xj1) . . . δ(r` −Xj`)DG′(r` −Xjm)P(jm)
〉
= iξ
`−1∑
k=1
G′(r` − rk)P˜`(r1, . . . , rk−1, r`, rk+1, . . . , r`−1; rk)
+ iξ
∫
d3r`+1G
′(r` − r`+1)P˜`+1(r1, . . . , r`; r`+1) , (B16)
where we have defined the classical correlation function in an analogy to Eq. (B6) as
P˜`(r1, . . . , r`−1; r`) ≡
〈D ∑
j1,...,j`
′δ(r1 −Xj1) . . . δ(r` −Xj`)P(j`)
〉
. (B17)
The second line of Eq. (B16) accounts for the field scattered from atoms at positions r1, . . . , r`−1 to the atom at r`,
and the third line accounts for scattering from other atoms (` + 1, . . . , N) in the system to the atom at position r`.
Taking the average of all terms of Eq. (B15), we obtain the same hierarchy of equations for the classical correlation
functions P˜` and ρ˜`, as for the quantum-mechanical correlations P` and ρ` in Eq. (B8).
The averages involved in the calculations can be evaluated by Monte-Carlo simulations. One takes many realizations
of N atomic positions X1, . . . ,XN from the system’s initial N -body density correlation function. Then, for each
realization of random variables, we take the atoms to be localized at the sampled positions so that the correlation
functions ρ` and P` are described by Eq. (B6). Then, one solves the dynamics of P(j), which depend on the atomic
positions. The correlation functions then emerge as their average over many stochastic realizations.
Appendix C: Classical electrodynamics in the
multilevel low light intensity case
Our general approach in this paper addresses spa-
tial correlations in the optical response by fixing the
atomic positions in each stochastic realization accord-
ing to some given probability distribution and then
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ensemble-averaging over many such realizations. In the
case of atoms with multiple electronic ground levels, how-
ever, each spatial configuration for the multilevel case
still includes the internal level dynamics. In Sec. III B
we presented a formalism how to incorporate the internal
level dynamics in classical electrodynamics simulations.
The analysis of the internal level many-body correlations
in Sec. III B 1 provides quantum corrections to the mul-
tilevel dynamics in Eq. (57). We will now show that
Eq. (57) involves two types of dynamical processes: (i)
classical scattering processes (for which ν = τ and µ = β)
that are already incorporated in the classical electrody-
namics simulation model of Sec. III B; and (ii) virtual
quantum processes that go beyond the classical coupled
dipole model.
Consider the low light intensity classical multilevel
electrodynamics model of Eq. (47),
d
dt
P(j)µη = (i∆¯gµeη − γ)P(j)µη + i
ξ
D C
(σ)
µ,η eˆ
∗
σ ·D+F (Xj)
+ iξ
∑
l 6=j
C(σ)µ,η eˆ∗σ · G′(Xj −Xl)eˆςC(ς),ζ f (l) P(l)ζ . (C1)
where we have used the factorization of Eq. (50),
P(j;l)ντ ;ζ ' δντf (j)ν f (l) P(l)ζ . (C2)
The formula (C1) provides the classical electrodynamics
simulation model for time-dependent multilevel systems.
Next we replace j by j2 and l by j3 in Eq. (C1) and mul-
tiply the both sides of Eq. (C1) by f
(j1)
ν f
(j2)
µ , indicating
that the atom j1 is in the level ν and j2 in µ. In the last
term we have to deal separately with the terms j1 = j3
and j1 6= j3. Noting that the atom j1 occupies ν, we
obtain
[
d
dt
− i∆¯gµeη + γ
]
P(j1;j2)νν;µη = i
ξ
D f
(j1)
ν f
(j2)
µ C(σ)µ,η eˆ∗σ ·D+F (Xj2)
+ iξC(σ)µ,η eˆ∗σ · G′ (Xj2 −Xj1) eˆςC(ς)ν,ζP(j2;j1)µµ;νζ + iξ
∑
j3 /∈{j1,j2}
C(σ)µ,η eˆ∗σ · G′ (Xj2 −Xj3) eˆςC(ς),ζP(j1,j2;j3)νν,µµ;ζ , (C3)
where we have used the many-atom extension of Eq. (C2)
P(j1,...,j`−1;j`)ν1ν1,...,ν`−1ν`−1;ν`ζ = f (j1)ν1 . . . f (j`)ν` P
(j`)
ν`ζ
. (C4)
Equation (C3) represents the case (i) of Eq. (57) and
we can directly construct it from Eq. (C1) by assum-
ing the structure (C4) for the correlation functions. In
Eq. (C3) the two-atom internal level correlation function
P(j1;j2)νν;µη is coupled to the three-atom internal level cor-
relation function P(j1,j2;j3)νν,µµ;ζ . Similarly, we can show that
the three-atom internal level correlation function is cou-
pled to the four-atom internal level correlation function.
The process eventually yields a hierarchy of equations for
the correlation functions.
Consider only the case (i) of Eq. (57) (ν = τ and
µ = β), that is given by Eq. (C3), and the corresponding
hierarchy of equations with only the analogous diagonal
terms P(j1,...,j`−1;j`)ν1ν1,...,ν`−1ν`−1;ν`ζ included. In this case we can
similarly extend our argument to show that Eqs. (C4)
and (C1) provide the full solution to the entire hierar-
chy of equations for internal level correlation functions.
Therefore, the case (i) and all the correlation functions
P(j1,...,j`−1;j`)ν1ν1,...,ν`−1ν`−1;ν`ζ can be solved by the classical electro-
dynamics simulations of Eq. (C1) and the ansatz (C4).
Note that, although the correlation function for the in-
ternal levels [Eq. C4] factorizes, the atomic system still
becomes correlated by light due to induced spatial corre-
lations. The case (ii) of Eq. (57) that does not necessar-
ily have ν = τ and µ = β is notably more complicated.
The light-induced coupling in that case represents virtual
quantum processes that are beyond the classical electro-
dynamics simulation method.
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